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Abstract The presence of pore fluid in rock affects both the elastic and inelastic deformation processes,
yet laboratory testing is typically performed on dry material even though in situ the rock is often saturated.
Techniques were developed for testing fluid-saturated porous rock under the limiting conditions of drained,
undrained, and unjacketed response. Confined compression experiments, both conventional triaxial and plane
strain, were performed on water-saturated Berea sandstone to investigate poroelastic and inelastic behavior.
Measured drained response was used to calibrate an elasto-plastic constitutive model that predicts undrained
inelastic deformation. The experimental data show good agreement with the model: dilatant hardening in
undrained triaxial and plane strain compression tests under constant mean stress was predicted and observed.

1. Introduction

The presence of pore fluids in rock can affect both the elastic and inelastic response [Rice, 1975; Rice and Cleary,
1976; Detournay and Cheng, 1993]. However, laboratory testing and material characterization, specifically those
responsible for inelastic behavior, are typically performed on dry rock. The inelastic deformation of brittle
geologic materials is often inhibited by an increase of mean stress (compression positive). Thus, an increase in
pore fluid pressure decreases the effective mean stress and promotes inelastic deformation; conversely, a
decrease in pore fluid pressure tends to inhibit inelastic deformation. Coupling of deformation with pore
fluid diffusion also introduces time dependence into the response of an otherwise rate-independent solid.

It is convenient to consider two limiting timescales of fluid-saturated solid response. If the timescale of
deformation is rapid in comparison to that for diffusion so that the fluid mass in a material element remains
constant, then the response is termed “undrained.” The long-time or “drained” response is the one for which the
local pore fluid pressure is constant. Both elastic and inelastic material parameters differ under drained and
undrained conditions.

Depending on the stress state, the constitutive response of brittle rock can involve dilation (incremental volume
increase) as deformation becomes inelastic. When the rock is fluid-saturated and the timescale does not allow
drainage, suction is induced in the pore fluid, and by the effective stress principle, the rock is dilatantly hardened
over the resistance that it would exhibit to a corresponding increment of drained deformation [Rice, 1975].

The characterization of inelastically deforming rock under well-controlled drainage conditions is required in
order to understand the coupling between rock deformation and pore fluid diffusion just before failure
[Nur, 1972; Rice and Cleary, 1976; Rudnicki, 1985] and to characterizemechanical behavior of partially molten rock
[Renner et al., 2000]. The problem of stress concentration near a passing rupture front along a fault in a
fluid-saturated rock is effectively undrained on a short timescale; if the material is plastically dilating, the
undrained deformation is found to be more resistant to shear localization than predicted by neglect of pore
pressure changes [Viesca et al., 2008]. These considerations are particularly important when analyzing the
stability of long-term underground storage for the disposal of nuclear waste or carbon dioxide. For example,
when the injection rates were increased at a CO2 sequestration site, a significant increase in microcracking
activity was observed [Oye et al., 2013], possibly due to the effective mean stress being reduced by increased
pore pressure so the response of the host rock was inelastic and undrained. Knowledge of dilatant behavior is
also important in oil production, where the permeability of a reservoir can change due to inelastic deformation
[Yale et al., 2010].

Drained and undrained behavior of sand has been investigated by a number of researchers [Han and
Vardoulakis, 1991; Mokni and Desrues, 1998] and the dilatant behavior of water-saturated dense granular
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materials has been characterized. The limitations in these experiments are that water is usually assumed to
be incompressible and the undrained response is reported to be isochoric, which is not the case for rock,
where bulk modulus of thematerial is comparable, if not larger, than that of the pore fluid. At the near-surface
range of mean stresses, rock-like materials exhibit volume strain less than 1% prior to failure in both drained
and undrained compression tests [Makhnenko et al., 2012] and accurate deformation measurements are
required for the proper assessment of the material response.

Only a few experiments document dilatant hardening behavior of rock. Brace and Martin [1968] investigated
drained response of saturated sandstone and granite under conventional triaxial compression. In experiments
at loading rates greater than a critical value (>10�4 s�1 for Pottsville sandstone and >10�7 s�1 for Westerly
granite), the rock was as much as 50% stronger than at constant pore pressure. It was explained by the fact that
pore pressure did not have enough time to equilibrate in the dilating rock specimens; hence, the effective
confinement increased, which augmented the peak shear stress. Bernabé and Brace [1990] reported on
conventional triaxial compression tests on silicone-saturated Berea sandstone. For specimens tested at 10MPa
effective confinement, the peak stress was 25% larger when the strain rate was increased from 2×10�4 to
2× 10�3 s�1, but the same increase in the strain rate at larger effective confinements (70 and 120MPa) in the
ductile regime caused a significant decrease (13–17%) in rock strength. Schmitt and Zoback [1992] performed
rupture tests on internally pressurized, thin-walled hollow cylinders of Westerly granite. For the tests on
saturated specimens, where the inner cavity pressure was increased rapidly with respect to the diffusivity, the
substantially (up to 50%) increased apparent tensile strengths and deformation moduli were measured
compared tomore slowly pressurized tests. The authors believed that the diminished pore pressures provided a
possible reason for the less compliant response in rapidly pressurized tests, but it was not measured directly.

Sulem and Ouffroukh [2006] suggested an elastoplastic constitutive model with stress-dependent elasticity
and damage, which described the inelastic response of a fluid-saturated rock; the model was validated
through back analysis of drained and undrained tests on Fontainebleau sandstone. Lei et al. [2011] conducted
conventional triaxial tests on Berea sandstone with the same initial confinement and pore pressure under
drained and undrained conditions and observed that the peak axial stress in the latter was 30% larger. Duda
and Renner [2013] performed conventional triaxial compression experiments on three fluid-saturated
sandstones. By changing the rate of loading from 10�7 to 10�3 s�1, approximate drained and undrained
conditions were achieved. For the tests conducted with the same initial conditions, the strengthening (more
than 50%) of an effectively undrained (fast loading) specimen was observed. However, the inelastic response
could not be characterized properly because of limitations in strain and pore pressure measurements. The
interpretation of the observed hardening under high loading rates was that the propagation and extension
of microcracks were associated with dry conditions. Pore pressure at the crack tips could not be maintained
and effective mean stress increased, thus delaying microcrack propagation and development of faulting,
which is similar to the explanation given by Rudnicki and Chen [1988].

Generally, studies on dilatant hardening deal with applying different strain rates and drained boundary
conditions and observing hardening when deformation proceeded too fast to maintain effective drainage. In
this kind of test, pore pressure does not have enough time to equilibrate and such conditions could be called
quasi-undrained, because mass of the fluid in the specimen is not preserved constant, but the rate of its
change is slower than the rate of loading. However, this creates a variation of pore pressure throughout the
specimens, making it difficult to evaluate effective stress and parameters that depend on it. Thus, the
constitutive response of the rock under different drainage conditions could not be characterized.

This paper deals with drained and undrained testing of a porous rock, Berea sandstone, under constant and
relatively slow (~10�6 s�1) strain rates, which allow pore pressure equilibration in the specimens. The limiting
conditions are achieved by maintaining constant pore pressure in the drained experiment and no-flow
boundary conditions for the undrained one. The University of Minnesota plane strain apparatus was modified
for testing of water-saturated specimens under both plane strain and axisymmetric compression configurations.
The device allows development of three different principal stresses and measurement of principal strains, as
well as the ability to apply and control pore pressure within the rock and monitor acoustic emission activity.
The emphasis is on accurate measurements of poroelastic, friction, and dilatancy characteristics of the material
from the experimental data. The dilatant hardening response is presented then in terms of the parameters
formulated by Rice [1975] and the constitutive model predictions are compared with the test results.
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2. Constitutive Model

The constitutive model chosen for describing the inelastic response of fluid-infiltrated rock was formulated
by Rice [1975] for the plane strain deformation state of confined shearing. It illustrates the hardening effect of
dilatancy-induced pore pressure reduction. The model was reformulated by Rudnicki [1985] in terms of
poroelastic parameters for rock subjected to pore pressure p, shear stress τ, and mean (hydrostatic) stress
P= (σ1 + σ2 + σ3)/3 and is reviewed here.

For stress increments dτ, d(P� p) that involve continued inelastic deformation, the increments of shear strain
dγ and volume strain dε (compression positive) are

dγ ¼ dτ=Gþ dγp (1)

dε ¼ dP=K þ dεp (2)

where dγp and dεp are the increments of inelastic shear and volume strain, respectively, G is the shear
modulus, and K is the bulk modulus. An increase in mean stress inhibits inelastic deformation in brittle rock.
Thus, the inelastic increment of shear strain takes the form

dγp ¼ dτ � μdPð Þ=H (3)

where H is an inelastic hardening modulus (shown in Figure 1a for dP=0) and μ is a friction parameter, which
can be measured as the local slope of the yield surface separating elastic and inelastic states in the plane of
τ and P� p (Figure 1b).

For the case when there is no change in pore pressure during deformation (dp= 0), the so-called drained
response, and mean stress is constant (dP=0), dτ can be written as

dτ ¼ H
1þ H=G

dγ (4)

The inelastic volume strain arises from processes that accompany inelastic shear and its increment is given by
β, the dilatancy factor (β< 0 for compaction):

dεp ¼ �β�dγp (5)

The sign convention here is compression positive, meaning that when the specimen dilates, its incremental
plastic volume strain is negative.

To include the effects of pore fluid pressure, the (total) mean stress is replaced by the effective mean stress.
For elastic deformation, the effective mean stress is written in Biot’s [1941] form: P� αp, where α is the Biot
coefficient. For inelastic deformation arising from opening and sliding of microcracks with small contact
areas, Rice [1977] has shown that the appropriate form of the effective mean stress is P′= P� p. This
deduction is consistent with experimental observations on inelastic properties of brittle rock [Brace and
Martin, 1968]. Thus, the increments of shear and volume strain are

dγ ¼ dτ=Gþ dτ � μ dP � dpð Þ½ �=H (6)

dε ¼ dP � αdpð Þ=K � β dτ � μ dP � dpð Þ½ �=H (7)

Figure 1. Constitutive response of saturated rock (modified after Rice [1975]). (a) Shear stress τ–shear strain γ behavior under
drained conditions, with mean stress P and pore pressure p being constant. H is an inelastic hardening modulus and G is the
elastic shear modulus. (b) Yield surface in the plane of effective mean stress and shear stress; μ is a friction coefficient.
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Fluid mass content per unit volume mf for elastic
deformation can be expressed as ρf · υ, where ρf is
the fluid density and υ is the apparent fluid volume
fraction [Biot, 1973]. The expression obtained for an
elastic increment of υ is [Rice and Cleary, 1976]

dυ ¼ υ� υo ¼ � α dP � dpð Þ=K � υdp=K
00

s (8)

where υo is its reference value in the unstressed
state, i.e., υo =ϕ, the initial porosity of the rock if
the material is fully saturated, and Ks00 is the
unjacketed pore bulk modulus.

The inelastic increase in apparent fluid volume
fraction dυp was shown to be the plastic dilatancy:
dυp=�dεp [Rice, 1977; Viesca et al., 2008], and the
total change in fluid volume fraction is the sum of its
elastic and inelastic increments. Then, from the
equation for the fluid bulk modulus Kf : dρf /ρf=dp/Kf,
the increment of fluid mass content per unit volume
dmf can be written as

dmf=ρf ¼ υdp 1=Kf � 1=K
00

s
� �� α dP � dpð Þ=K � dε p (9)

For undrained response, the change in fluid mass content per unit volume is 0. Setting dmf= 0 in (9) and
considering a constant mean stress condition yields

dp ¼ �βKeff

Hþ μβKeff
dτ (10)

where Keff can be written as

1=Keff ¼ υ 1=Kf � 1=K
00
s

� �þ α=K (11)

Therefore, for dilatant inelastic deformation (β> 0), the pore fluid pressure tends to decrease. When (10) is
substituted into (6) with dP= 0, the result is

dτ ¼ Hþ μβKeffð Þ
1þ Hþ μβKeffð Þ=Gdγ (12)

Because the hardening modulus has been augmented by the term μβKeff comparing to the drained case
(equation (4)), the response is stiffer and the rock is said to be “dilatantly hardened” (Figure 2). Parameters μ,
β, Keff, and H are stress dependent, but their development with effective mean stress can be evaluated and
used to determine undrained response.

3. Experimental Methods
3.1. Plane Strain Compression

The University of Minnesota plane strain apparatus [Labuz et al., 1996] allows application of three different
principal stresses to a prismatic (100×87×44mm) rock specimen and accurate measurement of deformation
in corresponding directions (Figure 3). Major principal stress σ1 is applied in the axial direction by a servohydraulic
load frame; the minor principal stress (cell pressure) σ3 is applied in the lateral direction. Axial and lateral
displacements are measured by four linear variable differential transformers (LVDTs).

A plane strain condition (ε2 ~ 0) is achieved by “wedging” the specimen in a thick-walled steel cylinder, which
provides passive restraint. The intermediate principal stress cannot be controlled, but it can be calculated

Figure 2. Dilatant hardening due to undrained conditions in
the shear stress τ–shear strain γ diagram (modified after Rice
[1975]). Undrained response under constant mean stress P
appears to be stiffer than its drained counterpart, because the
hardening modulus H is augmented by the term dependent
on friction coefficient μ, dilatancy factor β, and poroelastic
modulus Keff.
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from the measured frame deformation and
generalized Hooke’s law for an isotropic, elastic
solid [Makhnenko and Labuz, 2014]:

σ2 ¼ Eε2 þ ν σ1 þ σ3ð Þ (13)

Young’smodulus E and Poisson’s ratio ν aremeasured
in plane strain compression with constant σ3:

E ¼ Δσ1
Δε1 � 2Δε3
Δε1 � Δε3ð Þ2 (14)

ν ¼ �Δε3
Δε1 � Δε3

(15)

For plane deformation, it is convenient to introduce
(i) average stress s, (ii) shear stress τ, (iii) volume
strain ε, and (iv) shear strain γ:

s ¼ σ1 þ σ3ð Þ=2
τ ¼ σ1 � σ3ð Þ=2 (16)

ε ¼ ε1 þ ε3
γ ¼ ε1 � ε3

(17)

Generalized Hooke’s law for plane strain becomes

Δγ ¼ 1
G
Δτ (18)

Δε ¼ 2 1þ νð Þ
3K

Δs (19)

The apparatus allows the upstream pressure in the system to be controlled and the downstream pressure
to be measured. Applying drained (Δp=0) and undrained boundary (Δmf= 0) conditions, the respective
Young’s moduli E and Eu and Poisson’s ratios ν and νu can be measured. Hence, drained K and undrained
Ku bulk moduli can be calculated:

K ¼ E
3 1� 2νð Þ (20)

Ku ¼ Eu
3 1� 2νuð Þ (21)

Furthermore, because effective shear stress is equal to the total shear stress, the drained and undrained shear
moduli, G and Gu are equal:

G ¼ E
2 1þ νð Þ ¼

Δτ
Δγ

¼ Gu (22)

Skempton coefficient B is calculated from measurements of pore pressure increase Δp due to applied
increment in mean stress ΔP, which in this case is induced by applying equal increments in major and minor
principal stresses Δσ1 =Δσ3, and Δσ2 is calculated by taking Δε2≈ 0 in equation (13). After the contribution
of the extra fluid volume in drainage lines VL over the total specimen volume V is considered, B can be
obtained from [Bishop, 1976; R. Y. Makhnenko and J. F. Labuz, 2013]

B ¼ 1
2 1þνuð Þ Δσ1þΔσ3ð Þ

3Δp

h i
� VL

V
K
αKf

(23)

3.2. Conventional Triaxial Compression

Another simple geometry, which allows direct measurements of applied principal stresses and corresponding
strains, is a cylindrical specimen (height=104mm, diameter=51mm) tested in conventional triaxial compression.

Figure 3. Principal stresses and corresponding strains in the
plane strain experiment. Major principal stress σ1 is applied
by a servohydraulic actuator, minor principal stress σ3 is cell
pressure, and the intermediate principal stress σ2 is induced
by a stiff frame, which acts as a passive restraint and limits ε2
to ~0.01 ε1. Prismatic (100 × 87 × 44mm) specimens are
instrumented with AE sensors; the upstream pressure is
controlled and the downstream pressure is measured.
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Here the major principal stress σ1 is
applied axially and intermediate and
minimum principal stresses are equal to
each other σ2 = σ3 and applied by the cell
pressure. Axial strain ε1= εa is measured
by strain gages and two LVDTs; tangential
and radial strains εθ and εr (equal for
axisymmetry) are measured by a pair of
lateral strain gages: εθ = εr= ε2 = ε3. A
polyurethane membrane prevents the
penetration of the cell liquid (hydraulic oil)
into the specimen and protects the
strain gages.

For this geometry, the following invariants
can be considered: mean stress P, deviator
stress q, volume strain εv, and shear strain εs:

P ¼ σ1 þ 2σ3ð Þ=3
q ¼ σ1 � σ3ð Þ
εv ¼ ε1 þ 2ε3
εs ¼ 2 ε1 � ε3ð Þ=3

(24)

Because application and measurement of the three principal stresses and corresponding strains are
straightforward in conventional triaxial compression, an unjacketed test can be conducted by applying
increments of pore pressure equal to the increments in the mean stress: Δp=ΔP. Drained tests can be
performed by maintaining the pore pressure in the specimen constant; this condition is applied and
preserved by connecting the pore water lines to a microprocessor-based hydraulic pump that maintains
water pressure at a constant value, within a tolerance of 0.02MPa. By closing the inlet and drainage
valves and thus keeping the mass of the fluid in the specimen constant, undrained testing condition can
be achieved. The bulk moduli related to these three limiting states, i.e., unjacketed Ks′, drained K, and
undrained Ku, can be measured by applying hydrostatic loading to a cylindrical specimen and recording the
corresponding change in volume strain. Measurements of Ks′ [R. M. Makhnenko and J. F. Labuz, 2013] and
K then allow the calculation of Biot coefficient α:

α ¼ 1� K=K ′
s (25)

Skempton coefficient B in triaxial compression is calculated frommeasurements of pore pressure increase Δp
due to application of hydrostatic mean stress ΔP=Δσ1 =Δσ3 and correcting for the extra fluid volume in the
drainage system (similar to equation (23)):

B ¼ 1
Δσ1þ2Δσ3

3Δp

� �
� VL

V
K
αKf

(26)

Achieving full saturation is critical to guarantee that the rock was tested under drained or undrained conditions.
The completeness of saturation, by which we mean here that all interconnected pores are filled with water
and no air is trapped there, is evaluated based on measurements of Skempton B coefficient [R. Y. Makhnenko
and J. F. Labuz, 2013]. It will be shown in section 4.2.3 that measurements of the introduced poroelastic
parameters are sufficient for the calculation of effective bulk modulus Keff from equation (11), which plays a role
in characterizing the inelastic response of fluid-saturated rock.

3.3. Acoustic Emission

Failure of rock involves microcracking, which generates elastic waves known as acoustic emission (AE).
For a wide variety of brittle rocks and over a wide range of confining pressures, dilatant deformation was
found to be accompanied by small-scale fracturing [Scholz, 1968]. Thus, monitoring of AE activity in the rock
can be a tool for determining the onset of inelastic response [Riedel and Labuz, 2007]. Figure 4 represents
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the results of a dry plane strain compression
experiment on the sandstone in terms of volume
strain and recorded AE events. It can be seen
that the AE rate increases at the onset of inelastic
deformation, where the volume strain response
deviates from linearity, and the AE rate is
approximately constant almost up to the peak
load. The same technique was implemented
for fluid-saturated rock testing [Makhnenko
et al., 2012].

The high-speed data acquisition system
(National Instrument model NI-5112 digitizer)
of 8 bit analog to digital conversion resolution
has four two-channel modular transient
recorders. The sampling rate was set at
20MHz with a 0.2ms time window and 0.1ms
pretrigger. The AE system is triggered when
the signal amplitude from a selected channel
exceeded a preset threshold. The process is
controlled by an in-house program written
in LabView and data recording is almost
continuous without interruption; because of
transducer resonance, a trigger hold of 10ms
was used. This limited the AE rate to 100
events/s, although the maximum observed rate
was 10 events/s.

The initial part of the material response in
Figure 4 (and in similar figures) is related to
seating effects. A small nonlinearity in machine
stiffness contributes to the observed behavior
[Makhnenko and Labuz, 2014].

4. Results and Discussion

Plane strain and conventional triaxial compression experiments were performed on water-saturated Berea
sandstone specimens with uniaxial compressive strength UCS=42–44MPa, initial interconnected porosity
ϕ =0.23, and permeability k=40mD measured at 5MPa mean stress. This rock contains distinguishable
bedding planes and exhibited slight (5%) anisotropy in compressional wave velocity. Tested specimens were
cut from the same block and at the orientation such that themajor principal stresswas applied perpendicular to
the beds.

Axial strain at failure (peak shear stress) did not exceed 1.5% and the measurements of the poroelastic
material parameters [Makhnenko, 2013] allowed for the calculation of the critical strain rate ε̇cr [Renner et al.,
2000]. Above this rate, effective internal drainage is lost and the material behaves as undrained; below
this rate, drained (fluid-saturated) and dry rock exhibit the same strength characteristics [Brace and
Martin, 1968]. For our experiments, the critical strain rate was approximately 5 × 10�1 s�1, which is the
same as the one predicted for water-saturated Berea sandstone by Renner et al. [2000] and at least 2 orders
of magnitude larger than the one observed by Bernabé and Brace [1990]. The axial strain rate in all
experiments was kept at a significantly smaller value of ~10�6 s�1 to promote equilibration of pore
pressure within the specimens.

4.1. Plane Strain Compression

After complete saturation of a sandstone specimen was achieved, plane strain compression test was
performed. Axial load was applied under lateral displacement control and the cell pressure σ3 was preserved
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constant. A series of drained and undrained
experiments were conducted and the
results of two of them, one drained (dark
grey curve) and one undrained (dark blue
curve), are presented in Figure 5. Effective
mean stresses at failure, designated as P′,
were significantly different for the tests
(Figure 5b), although the initial effective
mean stress for each of them was similar:
Po′=5.0–7.0MPa (Figure 5a). Stresses at
failure for drained and undrained specimens
were found to be in the good agreement
with the failure data from tests on dry Berea
sandstone, so Terzaghi’s effective stress
principle holds for this rock.

The drained test was performed with
σ3 = 5.1MPa, initial pore pressure
po= 0.6MPa, and Po′=4.5MPa; the
undrained test was conducted at
σ3 = 10.0MPa, initial pore pressure
po=2.8MPa, and Po′=7.2MPa. It can be
seen from Figure 5b that the undrained
response is “stronger” than its drained
counterpart starting from a value of
γ=2.2 × 10�3. The effective mean stress at
the beginning of the undrained shearing
was slightly larger than that in the drained
test. However, for τ =12MPa, drained
and undrained effective mean stresses
become equal, and then further in loading,
the undrained one becomes slightly
smaller than the corresponding P′ for the
drained test.

The increasing mean stress leads to the specimens’ compaction before they dilate, and their dilatancy is
accompanied by approximately constant AE rate in both drained (Figure 6a) and undrained (Figure 6b)
experiments. It should be noted that undrained deformation of water-saturated soil is usually considered to
preserve the volume of the specimen constant [Terzaghi, 1943], because the bulk modulus of a soil (order of
megapascal) is much smaller than the bulk modulus of water (Kwater = 2.24 GPa), which means that water
takes most of the load. However, in the undrained testing of porous rock, its bulk modulus is on the order of
gigapascal and is comparable with the bulk modulus of pore fluid (Ku~ Kf ), and hence, rock’s stiff framework
feels the applied load at least as much as the pore fluid and deforms. Because the applied effective mean
stress was significantly larger in the undrained compression, this specimen compacted twice as much as the
drained one (Figure 6b).

It is observed that in the undrained test, pore pressure is increasing from 2.8 to 7.2MPa when the sandstone is
compacting (Figure 7), and it starts decreasing only when the deformation of the specimen becomes inelastic
(volume strain response deviates from linearity). The difference in peaks of pore pressure and volume strain
diagrams in Figure 7 can be attributed to the initial microcracking of the specimen at the onset of inelasticity
(γ~3×10�3). The microcracks start contributing to the increase in the pore volume; hence, the pore pressure
increments due to overall compaction of the specimen become smaller and eventually p starts decreasing
at γ~6.5 × 10�3. However, the solid part keeps compacting at this point, which is still reflected in the small
positive increments in volume strain until γ reaches 10.5 × 10�3 and volume strain of the specimen starts
decreasing. It also is noted that at the peak shear stress, the pore pressure was still larger than its initial value,
because the undrained specimen compacted more than it dilated prior to failure.
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Figure 6. Volume strain and AE for the plane strain compression
experiments: (a) the drained test started at P=5.1MPa and p=0.6MPa,
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The undrained specimen compacted twice as much as the drained one,
and in both tests, the rock dilated during inelastic deformation by a
smaller amount than it compacted elastically.
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4.2. Hardening Parameters

To compare the undrained behavior with
the constitutive model prediction, the
hardening parameters such as dilatancy
factor β, friction coefficient μ, and effective
bulk modulus Keff need to be determined
from the corresponding drained test, where
the effective mean stress was similar.
4.2.1. Dilatancy Factor
The measured principal strains contain
both elastic and plastic components. The
onset of the nonlinear response was used
as a benchmark signifying when plastic
deformation initiated (Figure 6a). The
incremental plastic strains were determined
by removing the calculated elastic response
from the measured deformation assuming
no change in elastic parameters [Riedel
and Labuz, 2007]:

Δεp ¼ Δεmeas � Δεe (27)

Δγp ¼ Δγmeas � Δγe (28)

For the drained test conducted at 4.5MPa effective confinement, plastic deformation was only associated
with a dilatant response (Figure 8). The increase of plastic volume strain was fairly linear from the onset of
inelasticity up to the peak. The dilatancy angle ψ [Hansen, 1958] was calculated from

sin ψ ¼ β ¼ � Δεp

Δγp
(29)

and it is presented in Figure 8. It can be seen that for γp> 0.5 × 10�3, the dilatancy angle of the sandstone
becomes approximately constant and equal to 24°; hence, β = 0.41 (Figure 9). Note that dilatancy is mean
stress dependent [Riedel and Labuz, 2007].
4.2.2. Friction Coefficient
The Mohr-Coulomb linear yield function can be written as [Riedel and Labuz, 2007]

μ ¼ sinφ ¼ σ1 � σ3
σ1 þ σ3 þ 2Vo � 2p

(30)

where φ is the friction angle and Vo is the (theoretical) uniform triaxial tensile strength. The strength
parameter Vo is assumed to be constant during hardening and it was determined by performing a series of

conventional triaxial compression and
extension tests and matching compression
and extension failure lines in the q-P′ plane
[Meyer and Labuz, 2013]. The friction
coefficient μ is presented as a function of
plastic shear strain γp (Figure 9), and μ is
increasing from 0.75 to 0.79 during the
inelastic deformation process.
4.2.3. Effective Bulk Modulus Keff
Keff is the parameter that links the
poroelastic response of the material with
the dilatant hardening model. To calculate
Keff, the elastic change in the apparent
fluid volume fraction Δυ= υ� υo during
deformation needs to be determined. From
equation (8), it can be seen that Δυ has
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“stress” in the numerator with order of
megapascal and poroelastic bulk moduli
in the denominator with order of
gigapascal. Hence, Δυ< 0.01 and is on the
order of the accuracy of the porosity
measurements, so it can be neglected and
we can assume that υ= υo=ϕ. Then, the
equation for Keff can be simplified based
on poroelastic relationships [Detournay
and Cheng, 1993] and becomes

Keff ¼ BK
α

(31)

Skempton coefficient B was observed to
be changing with applied pore pressure
given the effective mean stress being

preserved constant (Figure 10). It was found that the full saturation of the rock specimens at P′= 5.0MPa was
achieved when the pore pressure exceeded 4MPa [R. Y. Makhnenko and J. F. Labuz, 2013]. Then, B became
constant and after making the corrections for extra water volume in the drainage system (equation (23))
and the application of deviatoric loading, B=0.61 [Makhnenko, 2013].

The other poroelastic parameters measured in drained and unjacketed experiments performed at P′=5.0MPa
[R. M. Makhnenko and J. F. Labuz, 2013] are the following:

K ¼ 9:5GPa; K ′
s ¼ 30GPa; α ¼ 0:70

Substituting these values into (31), we obtain Keff = 8.3 GPa. Shear modulus of Berea sandstone at P′=5MPa is
calculated from the initial part of loading in Figure 6a:

G ¼ Δτ
Δγe

¼ 4:6GPa (32)

Because mean stress is changing during plane strain compression, the inelastic hardening modulus H is
determined from

H ¼ Δτ � μΔP
Δγ� Δτ

G

(33)

However, based on the volume strain data (Figures 6 and 7), it can be observed that the changing mean stress
causes the sandstone specimens to compact during elastic deformation by a larger amount than they dilate

when the response becomes inelastic, and this
makes dilatant hardening more challenging to
study. Thus, drained and undrained tests, where the
mean stress can be preserved constant, provide the
opportunity to directly observe dilatant hardening.

4.3. Compression With Constant Mean Stress

Cylindrical specimens were tested in conventional
triaxial compression under drained and undrained
conditions (Figures 11a and 11b), where
P= (σa+ 2σr)/3 = const can be preserved by
applying increments of Δσa> 0 (axial strain
rate ~10�6 s�1) and decreasing the radial stress
(cell pressure) by Δσr=�Δσa/2< 0. A drained
conventional triaxial experiment was performed
under the conditions of P= const = 20.0MPa
and p= const = 3.0MPa. The initial mean stress was
significantly larger than the one used in the plane
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strain compression test reported in the
previous section because the failure of the
specimen for the case of constant mean
stress loading can be assured only if
P′= P� p>UCS/3≈ 15MPa is used. The
specimen failed at σ1 =51.0MPa and
σ2 = σ3 = 4.5MPa. The results of the drained
test in terms of volume strain, AE activity,
and pore pressure are presented in
Figure 11a.

As shown in Figure 11a, monotonically
decreasing volume strain indicates that
the drained specimen started dilating
from the beginning of the deviatoric
loading. It is also confirmed by the AE
activity and the observations from the
initial loading-unloading procedure, which
indicated the presence of permanent
strain. Note that for the case of constant
P, there is no elastic volume change for
isotropic response: Δεe=0 and Δεp=Δεmeas

(measured volume strain). An increment
of shear strain consists of elastic and plastic
parts; hence, Δγmeas =Δγe+Δγp=Δτ/G
+Δγp. Then, the friction coefficient μ
(Figure 12) can be calculated for this loading
condition using the method described in
section 4.2.2.

The friction coefficient was found to be
monotonically increasing, being equal to
0.72 at the peak stress, which is smaller
than μ measured in the plane strain
compression experiment possibly due to

an intermediate stress effect. The dilatancy factor β was obtained from the plane strain test reported in
Figure 9 and β = 0.41 for P′= 17.0MPa, which is consistent with other tests.

The effective bulk modulus Keff was also calculated
for the mean stress P=20.0MPa and p= 3.0MPa.
The specimen was found to be fully saturated at
P′=17.0MPa when the back pressure exceeded
3.0MPa and the maximum Skempton coefficient
was Bmax = 0.40 (Figure 10). Drained bulk modulus
was measured to be K=11.3GPa and shear modulus
G=6.4GPa. The unjacketed bulk modulus was
found to be mean stress independent at the range
of pressures applied in the tests [R. M. Makhnenko
and J. F. Labuz, 2013], Ks′=30GPa and α=0.62. Using
equation (31), Keff = 7.3GPa is obtained. Table 1 is a
summary of the material parameters.

To evaluate the quality of the model prediction, the
undrained conventional triaxial test was performed
with the same initial conditions as the drained test:
P= const = 20.0MPa and po=3.0MPa. The mass of
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the fluid inside the specimen was kept constant, so the pore pressure was allowed to change. During the
undrained test, p decreased from 3.0 to 0.5MPa, which produced the increase in effective confinement and
delayed the specimen failure to the point where σ1 = 55.2MPa and σ2 = σ3 = 2.4MPa. The development of the
volume strain, AE activity, and pore pressure with shear strain in undrained conventional triaxial compression
is presented in Figure 11b.

In the undrained test conducted at constant mean stress, no initial compaction was observed and the
specimen dilated by approximately the same amount as the one tested under the drained condition. AE
activity was observed from the beginning of deviatoric loading, which confirmed the inelastic nature of the
undrained deformation.

Moreover, an undrained plane strain experiment was conducted preserving P=const =20.0MPa with the same
initial pore pressure po=3.0MPa. Using equation (13) and neglecting the deformation of the prismatic specimen
in the intermediate principal stress direction (ε2=0), the following relationship can be written for the mean stress:

P ¼ σ1 þ σ2 þ σ3ð Þ=3 ¼ 1þ νuð Þ σ1 þ σ3ð Þ=3 (34)

Therefore, when applying axial load to the specimen Δσ1> 0, σ3 was preserved as

σ3 ¼ 3P= 1þ νuð Þ � σ1 (35)

and νu was measured to be 0.35. The undrained plane strain compression test was stopped at σ1 = 43.6MPa,
σ2 = 15.6MPa, σ3 = 0.8MPa, and p= 0.7MPa. The specimen did not fail at this point, but the condition of
σ3′= σ3� p ≤ 0 was avoided. The results of this test in terms of volume strain, AE activity, and pore pressure
are presented in Figure 13.

Volume strain and pore pressure response in the plane strain test are observed to be similar to the conventional
triaxial test, even though the change in their values is smaller; this happened because the plane strain test was
stopped at a smaller shear strain value compared to the conventional triaxial test. Results of the drained and two
undrained experiments conducted at constant P and the constitutivemodel prediction are presented in Figure 14.

It is noted that up to a certain point, the axisymmetric and plane strain loading give similar results in terms
of undrained behavior. Also, unlike in the plane strain tests conducted at constant confining pressure, the

initial undrained response observed in
the constant mean stress experiments
is stiffer than the drained one; this is
due to the dilatant hardening effect
from the beginning of shear loading.
The constitutive model predicts the
undrained behavior of the fluid-saturated
sandstone up to approximately 95% of
the peak shear stress. After this point,
each increment of shear strain requires
a much larger increment in shear stress
compared to the beginning of loading
and other processes may play a role. For
example, some heating can be associated
with the shearing of fluid-saturated rock
and if the thermal effect is considered,
as shown by Sulem et al. [2011], then
it decreases the effect of dilatant
hardening in the undrained compression.
This behavior is not captured by the

Table 1. Material Parameters of Berea Sandstone Used in Dilatant Hardening Model

Test Conditions K (GPa) α B Keff (GPa) G (GPa) μ

Plane strain σ3 = const = 5.0 MPa 9.5 0.70 0.61 8.3 4.6 0.75–0.79
Conventional triaxial P = const = 20MPa 11.3 0.62 0.40 7.3 6.4 0–0.72
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model, which still can be treated as a first-order
approximation to the inelastic behavior of fluid-
saturated porous rock. Furthermore, homogeneity
of deformation is assumed, and even though
no localization was observed from the lateral
displacements, some clustering of AE events was
detected prior to peak stress in dry tests [Iverson
et al., 2007; Riedel and Labuz, 2007]. Indeed, the
effect of dilatant hardening on the development
of concentrated strain in a narrow zone that is
slightly weaker than the surrounding rock could
explain this behavior [Rudnicki, 1985; Rudnicki
and Chen, 1988].

5. Conclusions

The University of Minnesota plane strain apparatus
was used for testing poroelastic and inelastic
response of water-saturated Berea sandstone.
Prismatic specimens wedged in a stiff frame were
subjected to approximate plane strain conditions,
meaning that the deformation in the intermediate

principal stress direction was negligible. The apparatus provides the ability to accurately determine volume and
shear strains by measuring the displacements in the plane where major and minor principal stresses act.
Additionally, conventional triaxial tests were performed on cylindrical specimens and axial and tangential
strains weremeasured. By testing the sandstone at the limiting conditions of drained, undrained, and unjacketed,
the poroelastic parameters of the rock, such as drained and unjacketed bulk moduli and Skempton B coefficient,
were determined at two different values of effective mean stress (5.0 and 17.0MPa).

The results of drained and undrained plane strain and conventional triaxial compression experiments were
discussed in the framework of a dilatant hardening constitutive model. The parameters that govern the
inelastic deformation of fluid-saturated rock, i.e., dilatancy factor β, friction coefficient μ, poroelastic
coefficient Keff, shear modulus G, and inelastic hardening modulus H, were calculated from the drained
response. The onset of inelastic response was determined from deviation of volume strain response from
linearity, which coincided with an increase in acoustic emission (AE) activity. Dilatancy and friction were
found to be pressure dependent, and the sandstone behavior was nonassociative: friction and dilatancy
angles were different. When the mean stress was preserved constant during loading, then the model
prediction based on the drained compression tests was found to be consistent with the results of two
undrained tests, one conventional triaxial and one plane strain compression.

Knowledge of dilatant hardening behavior is essential for characterization of fluid-saturated rock and the
proper assessment of underground structures, such as long-term CO2 storage facilities. The difficulty and
expense in making relevant field observations ensure that laboratory measurements will continue to
contribute to understanding coupled deformation-diffusion effects.
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