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Abstract Localization in terms of a bifurcation from a homogeneous pattern of
deformation is predicted to be different if the boundary conditions are drained or
undrained. This phenomenon is evaluated in plane strain compression experiments
with water-saturated Berea sandstone, where corresponding poroelastic and
inelastic properties were measured. Non-uniformity of lateral deformation and
clustering of acoustic emission events were used as the experimental evidence of
localization, which occurred soon after the peak stress in both drained and
undrained cases. These observations are in reasonable agreement with an analysis
that predicted negative values of the critical hardening modulus (localization
post-peak) for fluid-saturated sandstone under plane strain loading conditions.

1 Introduction

Elastic, inelastic, and strength characteristics of fluid-saturated rock depend on the
rate of deformation and boundary conditions. Moreover, studies show that the
conditions for localization of deformation can also be different for specimens tested
in drained and undrained regimes Rudnicki and Rice [6], Rudnicki [5]. Even though
localization may result from inhomogeneities or stress concentrations, an alternative
point of view is that this phenomenon is a bifurcation from a smoothly varying
pattern of deformation, where the constitutive description of homogeneous defor-
mation can admit a solution that is compatible with boundary conditions for further
homogeneous deformation, but corresponding to non-uniform deformation in a
planar zone Rudnicki and Rice [6]. In the following, this approach is compared with
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two experimental methods of detecting the onset of localization: one is based on the
deviation of uniform deformation of the specimen and the other is based on clus-
tering of acoustic emission (AE) events. Experiments were performed on
water-saturated Berea sandstone to determine its poroelastic and inelastic properties
and to observe localization in drained and undrained plane strain compression.

2 Background

Rudnicki and Rice [6] suggested a constitutive description that is compatible with
boundary conditions for homogeneous deformation but non-uniform deformation in
a planar zone. The specific constitutive relations for (confined and compressed)
brittle rock can be written in terms of a hardening modulus h. For the case of
changing mean stress P (P′ = Terzaghi’s effective mean stress), h is related to the
tangent modulus htan = (dτ - μdP′)/(dγ - dτ/G), where γ = shear strain, τ = shear
stress, μ = friction coefficient, and G = shear modulus. The RR analysis predicts a
critical value of the hardening modulus at which localization occurs:
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Here β is the dilatancy factor and η = √3 ⋅ s2/τ with s2 being the intermediate
principal value of the deviator stress tensor. This criterion is valid for both dry and
drained deformation (constant pore pressure). The localization of deformation
happens when the condition h = hcrit is met (bifurcation point).

If the drained response is rate-independent, then the alternative limit of
undrained deformation is also rate-independent and a similar bifurcation analysis
can be applied. Rudnicki [5] proposed a form of the constitutive relation for
undrained response, which is obtained from the drained response (Eq. 1) by sub-
stitutions that involve Skempton’s B coefficient and undrained Poisson’s ratio νu.
The following assumptions are involved: (i) the elastic portion of strain increments
can be described by linear, isotropic poroelasticity; (ii) the role of the pore pressure
p in the inelastic strain increments is included by replacing the mean stress P by
Terzaghi’s effective mean stress P′; (iii) the inelastic increment in the apparent
porosity is equal to the inelastic volume strain increment. From Rudnicki [5], the
critical undrained hardening modulus for localization Hcrit can be written as:

Hcrit =
G 1+ νuð Þ
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3 Methods

A Vardoulakis and Goldscheider [7] type plane strain apparatus was used for this
study and modified for fluid-saturated rock testing of 100 × 87 × 44 mm speci-
mens Makhnenko and Labuz [2]. The apparatus combines the positive features of a
constitutive (plane strain) compression test, such that the two-dimensional material
behavior can be evaluated, and a direct shear test, such that the characteristics of the
shear band can be measured. Lateral displacement is measured at two positions,
which allows an evaluation of non-uniform deformation and the onset of local-
ization. Additionally, eight AE sensors are used to monitor microcracking (Fig. 1).
AE locations can be determined to evaluate the onset of localization. For example, a
criterion based on the value of the fractal dimension of the events positions has been
proposed Iverson et al. [1]. However, a simple criterion is used in this study: if 90%
of continuously located AE events with accuracy ra = 3 mm are situated within
sphere of 3ra diameter (=9 mm or 3 standard deviations), the deformation is
described to be localized (Fig. 1b).

Another method of determining localization is to detect when the deformation of
the specimen is no longer homogeneous. Two LVDTs are positioned to measure the
lateral displacement of the specimen (Fig. 1a). Typically, the output of the two
LVDTs is changing at a uniform rate up to the peak axial stress, and just after the
peak, one is approximately constant and the other continues to increase (Fig. 2a).
This behavior is related to the formation of the shear band, when one part of the
specimen slides and the other part remains stationary. The point where the lateral
displacements change rate is taken as the onset of localization.

Fig. 1 a Sketch of the experimental setup and b AE events clustering in the sandstone
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4 Results

Specimens of Berea sandstone were fully saturated with water and loaded to failure
under plane strain conditions. Three drained and three undrained compression
experiments were performed and exhibited similar results in terms of detecting the
onset of localization, so the data here is reported only for one drained and one
undrained test. The drained test was performed with constant (i) pore pres-
sure = 5 MPa and (ii) minimum principal stress σ3 = 10 MPa. Precise measure-
ments of axial and lateral stresses and strains allowed for calculation of the material
parameters: G = 4.6 GPa, μ = 0.79, and β = 0.41, where friction μ and dilatancy β
are reported at the peak Makhnenko and Labuz [3, 4]. This provided calculation of
hcrit from Eq. (1). The undrained plane strain compression test was performed at
σ3 = const = 10 MPa and the initial value of pore pressure was 3 MPa. Pore
pressure increased to 7 MPa during elastic compaction and then decreased to
4.5 MPa when the specimen was dilating before the peak. Values of B = 0.61 and
νu = 0.35 Makhnenko and Labuz [4] were used to calculate Hcrit for the undrained
plane strain compression test.
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Fig. 2 Bifurcation point
predicted by a onset of
non-homogeneous
deformation (dashed line) and
b critical hardening modulus
method for dry plane strain
experiment

36 R.Y. Makhnenko and J.F. Labuz



Additionally, onsets of non-uniform rock deformation and AE clustering were
obtained from the proposed methods. The results of the three localization criteria
for drained and undrained plane strain compression experiments are presented in
Fig. 3. The response of the undrained specimen is significantly less brittle, which is
explained by the increase in effective minimum principal stress σ3′ caused by
dilatant pore pressure decrease around and after axial peak stress Makhnenko and
Labuz [3].

5 Discussion and Conclusions

The onset of localization in water-saturated Berea sandstone was determined by
three methods: non-uniformity of specimen deformation detected by lateral LVDTs,
clustering of AE events, and a critical value of the hardening modulus computed
from measured elastic and inelastic material properties. In general, for both drained
and undrained compression tests, all three methods provided localization happening
soon after the peak axial stress was reached. In the case of drained compression, all

300

330

360

390

420

450

37

38

39

40

41

10.0 10.2 10.4 10.6 10.8 11.0

A
E 

ev
en

ts

Sh
ea

r s
tr

es
s 

[M
Pa

]

Shear strain [10-3]

LVDTs

hcrit

AE

300

330

360

390

420

450

36

37

38

39

40

16.4 16.6 16.8 17.0 17.2 17.4

A
E 

ev
en

ts

Sh
ea

r s
tr

es
s 

[M
Pa

]

Shear strain [10-3]

LVDTs

Hcrit

AE

(a)

(b)

Fig. 3 Localization points
determined by three methods:
non-uniform lateral
deformation (LVDTs),
h = hcrit, and clustering of
acoustic emission (AE) for
a drained and b undrained
plane strain compression tests.
Vertical dotted line designates
the shear strain at peak stress
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the prediction methods for the onset of localization are consistent (lie within
0.15 × 10−3 shear strain) whereas in the undrained test AE clustering was delayed
by 0.5 × 10−3 shear strain and the AE rate is significantly lower. It should be noted
that the detection of the onset of localization with AE locations is sensitive to the
chosen criterion. Also, stress and directional dependency of some material param-
eters (e.g. B, ν, and G), as well as their degradation during material damage, are not
considered here, but influence the reported values of the critical hardening modulus.

Some discrepancy in the results of observed (from non-uniformity of deforma-
tion and AE) and predicted (from the critical value of the hardening modulus)
localization also could be explained by the use of a relatively low effective mini-
mum principal stress (below 10 MPa), where for the drained test, the failure plane
was quite steep, and for the undrained case, the failure mode exhibited features
associated with axial splitting.
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