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Abstract The Paul-Mohr-Coulomb failure criterion includes the intermediate principal stress σII and friction
angles at the limiting stress states of σII = σIII and σII =σI, where σI and σIII are major and minor principal stresses.
Conventional triaxial compression (σII =σIII), extension (σII =σI), and plane strain (σI≠σII≠ σIII) experiments were
performed on dry rock. The failure data were plotted in principal stress space, and material parameters were
determined in the context of two internal friction angles and the theoretical uniform triaxial (all-around equal)
tensile strength. Assuming isotropy, the triaxial compression and extension results were used to construct
a six-sided pyramidal failure surface, and the extension friction angle was larger than the compression
friction angle, a sufficient but not necessary condition of the intermediate stress effect. To capture the
behavior of the rock in multiaxial loading, the Paul-Mohr-Coulomb criterion was extended to form a 12-sided
pyramid with best fit planes.

1. Introduction

To describe failure of rock in the brittle regime, the Mohr-Coulomb (MC) criterion is most popular due to
recognizable material parameters (e.g., friction angle and cohesion) and its mathematical simplicity:

AσI þ CσIII ¼ 1 (1)

where σI and σIII are major and minor principal stresses and A and C are constants. MC can be written as

σI
Vo

1� sinϕ
2 sinϕ

� �
� σIII

Vo

1þ sinϕ
2 sinϕ

� �
¼ 1 (2)

where φ is the friction angle and Vo is the theoretical uniform triaxial tensile strength, with Vosinφ= Socosφ; So
is the shear stress intercept on a Mohr plane also known as cohesion. Of course, MC is a first-order model of
the observed failure response, which exhibits a nonlinear variation of σI with σIII and, possibly, an effect of the
intermediate principal stress σII [e.g., Paterson and Wong, 2005; Mogi, 2007; Haimson and Rudnicki, 2010;
Ingraham et al., 2013; Cornet, 2015]. In addition, a tension cutoff is needed when one or more of the
principal stresses are tensile, because the uniaxial tensile strength of rock is much less than that predicted
from MC [Paul, 1961], and porous rock exhibits a “cap” in the failure surface [Di Maggio and Sandler, 1971],
and this behavior is not represented.

As suggested by Paul [1968] and to some extent also by Haythornthwaite [1962], equation (1) can be easily
modified to include σII:

AσI þ BσII þ CσIII ¼ 1 (3)

and Meyer and Labuz [2013] named this failure criterion Paul-Mohr-Coulomb (PMC):
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¼ 1 (4)

where φc is the friction angle for compression (σII= σIII) and φe is the friction angle for extension (σII= σI). PMC
can be evaluated by performing conventional triaxial testing on a right circular cylinder, where axial stress σa
is applied independent of radial stress σr so that either compression failure (axial shortening) or extension
failure (axial lengthening) can be achieved. Several researchers [Kirkpatrick, 1957; Roscoe et al., 1958;
Henkel, 1960; Hvorslev, 1960; Parry, 1960; Bishop, 1966] noted that the internal friction angle for soils can be
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different for compression and exten-
sion, which implies an intermediate
stress effect, but a failure criterion was
not generalized to include a strength
parameter such as So or Vo.

This letter provides a basis for the use
of the Paul-Mohr-Coulomb criterion
implementing a plane fitting approach.
Conventional triaxial compression, con-
ventional triaxial extension, and plane
strain compression tests were per-
formed on Berea sandstone. The triaxial
data were plotted in principal stress
space, and material parameters were
determined in the context of friction
angles φc, φe, and Vo, which is the vertex
of a six-sided failure surface in principal
stress space (Figure 1). The contribution
of this work is the use of plane fitting
and the development of a 12-sided fail-
ure surface with four friction angles and
two different vertices.

2. Background

For isotropic rock, the strength properties of which are the same in all directions, the orientation of the prin-
cipal stresses does not matter, and principal stresses can be designated σ1, σ2, and σ3 with no regard to order.
Therefore, the representation of equation (1) or (3) in σ1, σ2, and σ3 space gives an irregular hexagonal pyr-
amid because of the six planes for the six orderings of the principal stresses (Figure 1). Certain features are
readily identified: (a) the intersection of the failure surface with the hydrostatic axis (σ1 = σ2 = σ3) gives Vo,
and this point is not measured but it is a basic geometric feature of any pyramidal failure surface; (b) the plane
normal to the hydrostatic axis is called the π plane and the projections of the coordinate axes are labeled σ′1,
σ′2, and σ′3; and (c) various stress paths can be described, such as conventional triaxial compression and
extension. With multiaxial testing, e.g., plane strain compression, the failure surface can be enhanced, and
a 12-sided pyramid can be constructed from two sets of equation (4) with five (four friction angles and the
same Vo) or six (four friction angles and two values of Vo) material parameters [Meyer and Labuz, 2013].

3. Experimental Methods

A homogeneous block of Berea sandstone was selected for testing. The sandstone is fine grained (0.12–0.25mm)
and composed mainly of subrounded to rounded quartz grains with density ρ=2060 kg/m3. A single block,
305×305×245mm (x, y, z axes), was used to fabricate all specimens. Ultrasonic velocity measurements showed
that the rock has a low level of anisotropy: P wave and S wave velocities (cp [km/s], cs [km/s]) in x, y, and z direc-
tions were (2.28, 1.41), (2.13, 1.36), and (2.11, 1.35), a 7% directional variation. Also, uniaxial compressive strength
(UCS or Co) tests were performed on six cylindrical specimens (height=105mm, diameter =50mm) and loaded
at an axial displacement rate of 5×10�4mm/s. The UCSmeasured in the direction perpendicular to the bedding
planes was 41–43MPa and 40–41MPa parallel to the beds. Although slightly anisotropic in elasticity and UCS,
any directional dependency on strength was not considered.

Conventional triaxial testing involves two principal stresses developed by fluid pressure, and the stress state
can be described by σ1 = σa, σ2 = σ3 = σr. Triaxial compression loading was performed with σa= σI,
σr= constant, and Δσa> 0 until failure; extension unloading was performed with σa= σIII, σr= constant, and
Δσa< 0 until failure. Ten triaxial tests were conducted on dry Berea sandstone specimens with the axial stress
applied perpendicular to the beds at an axial displacement rate of ±5× 10�4mm/s, where the plus sign was

Figure 1. Linear failure surface in principal stress space with designated
stress paths.
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associated with compression loading and the minus sign with extension unloading. Of the 10 triaxial tests,
5 were performed in compression and 5 in extension. Additionally, a plane strain apparatus [Makhnenko
and Labuz, 2014] was used to investigate failure for the case of σI≠ σII≠ σIII. The plane strain condition was
achieved through passive restraint by securing the specimen in a thick-walled steel cylinder. Thus, plane
strain is an approximation, but the measured deformation of the steel cylinder using foil strain gages allows
a calculation of the intermediate principal stress within ±0.2MPa. Theminor principal stress σIII was preserved
constant, and the major principal stress σI was increased until failure. Five plane strain compression experi-
ments were conducted: two tests were performed at σIII = 0 and the other three tests at σIII = 5, 6, and
8MPa. Stearic acid was used to reduce frictional constraint and promote homogeneous deformation for all
specimens [Labuz and Bridell, 1993].

4. Results

Mechanical response, given by the
absolute value of the deviatoric stress
(σa� σr) versus axial strain, from triaxial
compression and extension tests are
presented in Figure 2 and the results
are contained in Table 1. For the axi-
symmetric stress states, the data are
conveniently represented in the P-q
diagram of Figure 3a, where P=mean
stress = (σa+ 2σr)/3 and q = deviatoric
stress = √3J2 = (σa� σr), where J2 is the
second invariant of the deviator stress
Sij= σij� Pδij; compression tests give
q> 0 and extension q< 0. The P-q
plane represents the section Voacd of
the pyramid in Figure 1. In general,

Figure 2. Mechanical behavior of Berea sandstone in conventional triaxial testing, where two principal stresses
(σI ≥ σII ≥ σIII) are equal to the radial stress σr. The right side shows the response under triaxial compression, where
σII = σIII = σr, and the left side shows the response under triaxial extension, where σII = σI = σr.

Table 1. Principal Stresses at Failure for Plane Strain Compression (BXC) and
Conventional Triaxial Compression (TXCO) and Extension (TXEX) Experiments

Test Name σI (MPa) σII (MPa) σIII (MPa)

BXC0-1 58.7 24.2 0.0
BXC0-2 45.3 15.3 0.0
BXC5-3 82.1 33.1 5.0
BXC6-4 95.6 40.9 6.0
BXC8-5 96.9 42.3 8.0
TXCO-1 93.3 5.0 5.0
TXCO-2 114.0 10.0 10.0
TXCO-3 138.6 20.0 20.0
TXCO-4 197.2 30.0 30.0
TXCO-5 229.3 40.0 40.0
TXEX-6 62.0 62.0 2.24
TXEX-7 60.0 60.0 1.79
TXEX-8 57.0 57.0 1.56
TXEX-9 51.0 51.0 2.10
TXEX-10 47.0 47.0 1.48
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the best fit lines to the compression
and extension data in the P-q plane will
not intersect at the same point along
the P axis and a constraint in the fitting
process must be added. Different
friction angles in compression and
extension were observed: φc = 43.6°,
φe= 47.9°, and Vo = 7.5MPa; the triaxial
data and six-sided pyramid are
depicted in principal stress space in
Figure 3b. The friction angle in exten-
sion being larger than the one mea-
sured in compression is a sufficient
but not necessary condition of the
intermediate stress effect; i.e., the fric-
tion angles can be equal but failure at
other stress states may depend on σII.
Multiaxial testing is needed to discern
the influence.

It is natural to consider a plane fitting
approach to determine the material para-
meters, and the assumption of isotropy
allows the extension data to be moved
to the plane of the failure surface contain-
ing the compression data. Consider the
plane Voab (Figure 1) that contains σ1=σI
and σ2=σ3=σIII. The extension data were
translated to this plane simply by switch-
ing σ1 and σ2 so that σ1=σ3=σI and
σ2=σIII. A plane describing the failure
surface could then be fitted through a
least squares approach that was scaled
by the range of the data sets.

The least squares fit involves finding the
minimum of the sum of squared ortho-
gonal “distances” in terms of stress mag-

nitude, between the points and the plane. With the equation of the plane written as Aσ1 + Bσ2 +Cσ3 = 1, the
sum of squared distances is:

X
δ2i ¼

1

A2 þ B2 þ C2

X
Aσ1;i þ Bσ2;i þ Cσ3;i � 1
� �2

(5)

where δi is the orthogonal stress magnitude between point i= (σ1,i, σ2,i, σ3,i) and the plane. A normalization
technique with a scaling factor α was used because the compression data spanned a much larger range
than the extension data. The normalized plane fitting equation is:

X
δ2j;c

r2c
þ
X

δ2k;e
αr2e

¼ minimum (6)

where rc,e is the maximum range in principal stress space between data points from compression, extension
tests (rc= 144.7MPa, re= 19.8MPa). Partial derivatives with respect to A–C were computed, set equal to zero,
and the system of equations was solved. Vo was determined by finding the point where the plane intersects
the hydrostatic axis (σ1 = σ2 = σ3). The other five sides of the six-sided pyramidal failure surface were formed
by exchanging the values of A–C. The results of the procedure in terms of Vo, φc, and φe are presented in
Table 2, and the hexagonal pyramid is shown in Figure 3b. With α=1.5, determined by trial and error, both

(a)

Figure 3. Failure data for dry Berea sandstone; red andblue circles represent
conventional triaxial extension and compression data. (a) q-P plane. (b)
Principal stress space.
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line fitting with a constraint and plane fitting give the same results; with α=1.0, the friction angles are larger
than the values from the line fitting, which demonstrates the value of the scaling factor.

To provide a better fit to data from multiaxial testing, e.g., the plane strain experiments (rb= 58.8MPa), PMC
was extended to form a 12-sided pyramid (Figure 4a), constructed with best fit planes using α= 1.5 for the
extension data. Similar to the method presented for the six-sided pyramid, equations of two independent
planes were determined. One plane (PL 1) contains the fitted data for compression and plane strain experi-
ments, and the other plane (PL 2) contains the fitted data for extension and plane strain experiments. Due to
isotropy, there are six ways to orient these two planes, which means that a 12-sided pyramidal failure surface
can be constructed. The two fitted planes are each associated with three material parameters (Vo

(i), φc
(i), and

φe
(i)), i=1, 2 to give a total of six (Table 2). As shown in the π plane described by P= constant at four different

values of P corresponding to the plane strain data (Figure 4b), the broken portions of the planes are not realized
at every π plane section, in that the failure response is reached along a particular stress path, e.g., at S(2), before
the stress state associated with the other portion of the plane, e.g., at S(1). The triaxial data are not shown in
Figure 4b because these tests were associated with different values of P.

A similar construction was applied to data for Indiana limestone [Makhnenko and Labuz, 2014], and the results
are contained in Table 2. A scaling factor α=1.0 provided a goodmatch with the line fitting for the data range
from compression (rc= 72.7MPa) and extension (re=17.0MPa) tests to form the six-sided pyramid, and
α=1.5 is included for comparison. Different friction angles in compression and extension were observed:
φc= 32.5°, φe=36.0°, and Vo= 17.8MPa. The predictions of failure when comparing PMC with two friction
angles to MC with one friction angle depend on the material parameters and the stress state. For Indiana
limestone and Berea sandstone at σIII = 10MPa, there is a 16% and 20% difference in σI for triaxial extension,
and in plane strain, only a 4–5% difference, which is within the strength heterogeneity of the rock. To better
fit the plane strain data (rb= 59.3MPa), a 12-sided failure surface was constructed, and two values of Vo were
found, along with the four friction angles. It should be noted that the 12-sided pyramid is consistent with
other true-triaxial results [e.g., Haimson and Rudnicki, 2010] that show a “peak” in a σI� σII plot of failure data
for fixed values of σIII; this is not a feature of the six-sided failure surface.

It is interesting to evaluate the consequences of two values of Vo, which is allowedwithin the PMCmodel, and
the plane fitting for both Berea sandstone and Indiana limestone displays this feature, although the discus-
sion will be limited to the results for Berea sandstone: (a) depending on the mean stress, the shape in the
π plane changes, as indicated by the four sections in Figure 4b; (b) at a low mean stress of P=19.4MPa,
the 12-sided pyramid switches to 6 sided at section D1, D2, D3, and PL 2 controls failure, as shown in

Table 2. Line and Plane Fitting Results for Compression and Extension Data, and Plane Fitting Results for Compression,
Extension, and Plane Strain Data

Line Fitting With
Constraint
P-q Plane

One Plane,
Normalized Least
Squares, α = 1.5

One Plane,
Normalized Least
Squares, α = 1.0

Two Planes,
Normalized Least
Squares, α = 1.5

Two Planes,
Normalized Least
Squares, α = 1.0

Berea Sandstone
Vo = 7.5MPa Vo = 7.5MPa Vo = 3.86MPa PL 1: PL 1:
ϕc = 43.6° ϕc = 43.6° ϕc = 45.8° Vo

(1) = 12.4 MPa Vo
(1) = 12.4MPa

ϕe = 47.9° ϕe = 47.9° ϕe = 55.7° ϕc
(1) = 41.4° ϕc

(1) = 41.4°
Rc

2 = 0.964 ϕe
(1) = 48.2° ϕe

(1) = 48.2°
Re

2 = 0.951 PL 2: PL 2:
Vo

(2) = 5.7 MPa Vo
(2) = 3.8MPa

ϕc
(2) = 52.2° ϕc

(2) = 54.6°
ϕe

(2) = 51.4° ϕe
(2) = 55.8°

Indiana Limestone
Vo = 18.5 MPa Vo = 24.7MPa Vo = 17.8 MPa PL 1: PL 1:
ϕc = 32.1° ϕc = 29.6° ϕc = 32.5° Vo

(1) = 22.5 MPa Vo
(1) = 22.5MPa

ϕe = 35.4° ϕe = 30.9° ϕe = 36.0° ϕc
(1) = 31.0° ϕc

(1) = 31.0°

Rc
2 = 0.926 ϕe

(1) = 37.6° ϕe
(1) = 37.6°

Re
2 = 0.926 PL 2: PL 2:

Vo
(2) = 7.4 MPa Vo

(2) = 7.0MPa
ϕc

(2) = 45.5° ϕc
(2) = 46.0°

ϕe
(2) = 48.7° ϕe

(2) = 49.6°
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Figures 4a and 4b; (c) at a high mean
stress of P= 169.5MPa (not shown), the
failure surface switches back to six-sided
and PL 1 controls. Thus, with two values
of Vo, two, six-sided pyramids are posi-
tioned to form a 12-sided pyramid over
some region (19.9< P< 169.5MPa for
Berea sandstone); outside this region,
at both low and high P, a six-sided pyra-
mid—the “inner” one—is the failure sur-
face. The values of P where the switch
from 6 to 12 to 6 sides occur are deter-
mined by the six material parameters.

It should be emphasized that PMC
applies for response in the brittle
regime displaying shear-type failure,
and it must be modified when the mean
stress is large (using a “cap” model), or
when one or more principal stresses
are tensile (using tension cutoffs). The
maximum applied mean stresses for
Berea sandstone and Indiana limestone
were 110MPa and 70MPa, respectively,
and the transition to the “cap” was not
observed, so the criterion is applicable
at least up to these values. Moreover,
at low mean stress but P> 0, such as in
the uniaxial compression test, the failure
mode typically is axial splitting and a
distinct failure plane is not present. In
some sense PMC is detecting a change
in behavior at low mean stress, and for
Berea sandstone, PL 2 gives φe

(2)< φc
(2)

with α=1.5 but φe
(2)> φc

(2) with α= 1.0
(Table 2). Nonetheless, PMC is a conve-
nient approximation to the actual non-
linear response of rock, and features
such as two values of Vo should be
viewed in the context of the model.

5. Summary

The failure of Berea sandstone and Indiana limestone was considered in the framework of the Paul-Mohr-
Coulomb (PMC) criterion, which includes the intermediate principal stress. Conventional triaxial compression
and extension tests were conducted and used to determine the theoretical uniform triaxial (all-around equal)
tensile strength Vo and friction angles in compression and extension. Assuming isotropy of the rock, a six-
sided pyramidal failure surface was constructed in principal stress space using both linear and plane data
fitting. PMC highlights a sufficient but not necessary condition of the intermediate stress effect: the friction
angle measured in conventional triaxial extension tests was larger than the one measured from compression
tests. Furthermore, the six-sided failure surface can be modified to include data from multiaxial (e.g., plane
strain) compression. For that purpose, PMC was extended to form a 12-sided pyramid with six material
parameters (four friction angles and two values of Vo), constructed with best fit planes and the assumption
of isotropy. Thus, to predict the response of rock with three principal stresses in the brittle regime, PMC
provides a simple mathematical description with recognizable material parameters.

Figure 4. Paul-Mohr-Coulomb (PMC) failure surface featuring the 12-sided
pyramid constructed from best fit planes and two values of Vo; from section
D1,D2,D3, to Vo

(2), the failure surface switches to a six-sided pyramid. (a) PMC
failure surface in principal stress space with data from conventional triaxial
extension (red circles), compression (blue circles), and plane strain compres-
sion (green circles) tests. (b) The π plane representation of the failure surface
at four values of mean stress P; three values of P show the irregular
dodecagon, while the lowest P plotted displays the irregular hexagon.
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