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a b s t r a c t 

Failure in brittle rock happens because micro-cracks in the crystal structure coalesce and form a localized 

fracture. The propagation of the fracture is in turn strongly influenced by dissipation in the fracture pro- 

cess zone. The classical theory of linear elastic fracture mechanics falls short in describing failure when 

the dissipation in the fracture process zone is non-negligible; thus, a non-linear theory should be em- 

ployed instead. Here we present a study in which we explore the characteristics of the fracture process 

zone in granite. We have combined fracture tests on Adelaide black granite with acoustic emission de- 

tection and finite element analyses by using a non-local integral plastic-damage constitutive theory. We 

have further employed the theory of configurational mechanics to support our interpretation of the evo- 

lution of the fracture process zone with strong energy-based arguments. We demonstrate that the size 

of the fracture process zone is non-negligible and dissipative phenomena related to micro-cracking play 

an important role. Our results indicate this role should be assessed case by case, especially in laboratory- 

sized analyses, which mostly deflect from theories of both size-independent plasticity and linear elastic 

fracture mechanics. When strong non-linearities occur, we show that fracture energy can be correctly 

computed with the help of configurational mechanics and that complex numerical simulation techniques 

can substantially facilitate the interpretation of experiments designed to highlight the dominant physical 

mechanisms driving fracture. 

© 2018 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license. 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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1. Introduction 

Understanding the mechanism of fracture in rock is crucial be-

cause it often acts as a precursor to the ultimate failure. Study of

the fracture process zone, a localized finite zone of micro-cracks

ahead of the crack tip, is essential to gain information on the

physics of crack initiation ( Lockner et al., 1991 ). Size effects, known

to characterize the fracture behaviour of rock ( Le et al., 2011 ), pose

obvious difficulties in scaling the fracture behaviour from relatively

small sizes suitable for laboratory experiments to the conditions
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ncountered in large-scale application. The goal of this contribu-

ion is to shed light on the fracture mechanics aspects, particularly

n size effects and crack-tip process zone in granite, by employing

n integrated experimental and numerical approach that combines

dvanced techniques of acoustic emission detection, non-local con-

inuous damage mechanics and configurational mechanics. 

Granite, an igneous rock composed, for the most part, of sil-

ca and alumina, forms the bulk of the earth’s upper crust. Be-

ause of its relative abundance, it has been the object of thorough

nvestigations in the geoscience and geoengineering communities

 Lockner et al., 1991; Watanabe et al., 2017b ). At conditions far

rom the brittle–ductile transition temperature and pressure ( Horii

nd Nemat-Nasser, 1986; Rutter and Neumann, 1995; Violay et al.,

017 ), much of the physical behaviour of granite is determined by

ts propensity toward fracture initiation and propagation. This has

mportant consequences for structural failure, as in brittle mate-
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2 For viscoplastic regularization, a characteristic length is substituted by a char- 

acteristic time which, in conjunction with the process time, effectively implies a 
ials in general ( Berto and Lazzarin, 2014 ), and for enhancing the

ass and energy transport properties because fracture permeabil-

ty is several orders of magnitude higher than matrix permeabil-

ty ( Watanabe et al., 2017a ). Granite-like materials play an impor-

ant role as barriers for nuclear waste ( McCarthy et al., 1978 ) and

O 2 storage ( Metz et al., 2005 ), and as reservoirs for enhanced

eothermal systems ( Barbier, 2002 ). When serving a barrier func-

ion, conditions leading to fracturing need to be avoided or min-

mized ( Council, 2013 ). In geothermal energy extraction, on the

ontrary, fracturing becomes the central subject of investigations,

ith the aim of drastically increasing reservoir permeability with-

ut inducing significant seismicity ( Evans et al., 2005; Häring et al.,

008 ). 

Size dependency in the fracturing behaviour of rocks has been

horoughly studied ( Schmidt, 1976; Schmidt and Lutz, 1979; Chong

t al., 1989; Bažant and Kazemi, 1990; Labuz and Biolzi, 1998 ).

n general, the classical theory of linear elastic fracture mechan-

cs (LEFM) can be successfully applied if the dissipation ahead of

he crack tip is negligible with respect to the total dissipated en-

rgy ( Ouchterlony, 1990; Matsuki et al., 1991; Kuruppu et al., 2014;

egst et al., 2015 ). Researchers have agreed that dissipation in the

racture process zone (FPZ) manifests itself in apparent size ef-

ects of the structural behaviour ( Bažant and Planas, 1997; Labuz

t al., 1985; Wang et al., 1990; Zang et al., 20 0 0; Biolzi et al., 2011 ).

rain size ( Barton, 1982; Brooks et al., 2012; Tarokh and Fakhimi,

014 ) and specimen size ( Zietlow and Labuz, 1998; Otsuka and

ate, 20 0 0; Tarokh et al., 2012; Fakhimi and Tarokh, 2013; Tarokh

t al., 2017 ) are the dominant factors influencing the role of dis-

ipation in the fracture process zone. In granite, as in other brittle

aterials, the inelastic dissipation processes in the fracture process

one are mostly related to micro-crack growth and plastic flow

n the material crystals: coalescence of the micro-cracks upon in-

reased loading leads to macroscopic fractures and material split-

ing ( Horii and Nemat-Nasser, 1986 ). 

Several experimental techniques have been successfully ap-

lied in this context, among which are photoelastic coatings

 Jankowski and Sty ́s, 1990 ), three-dimensional acoustic emis-

ions analysis ( Mihashi et al., 1991 ), laser speckle interferometry

 Wang et al., 1990 ), digital image correlation ( Wu et al., 2011 ), en-

ironmental scanning electron microscopy ( Brooks et al., 2013 ), X-

ay micro-computed tomography ( Skar ̇zy ́nski and Tejchman, 2016 )

nd X-ray radiography ( Vavro et al., 2017 ). While most of the lab-

ratory characterization efforts have been dedicated to concrete

 Jankowski and Sty ́s, 1990; Mihashi et al., 1991; Wu et al., 2011;

kar ̇zy ́nski and Tejchman, 2016 ) as a readily available and stan-

ardized manufactured material, only a few examples exist for

ranite ( Wang et al., 1990 ), marble ( Wang et al., 1990; Brooks et al.,

013 ) and sandstone ( Vavro et al., 2017 ). The experiments have

ighlighted several common trends in the fracture process zone: 

• The width of the process zone seems to be influenced by the

size of the aggregate or grain ( Mihashi et al., 1991; Wang et al.,

1990 ), conveniently referred to as the particle size, and the

structural dimensions, such as the initial length of the notch

( Wang et al., 1990 ). A smaller particle size relative to the depth

of the notch implies a reduction of noise (related here to non-

homogeneity of the granular material), a smaller fracture pro-

cess zone width and a shift toward linear elastic fracture me-

chanics ( Tarokh and Fakhimi, 2013 ). 
• In general, the extension of the process zone ahead of the crack

tip is independent of the heterogeneities ( Mihashi et al., 1991 ),

but it is strongly influenced by the depth of the notch rela-

tive to the height of the beam ( Wu et al., 2011 ). The increase

in notch depth causes a decrease in the length of the fracture

process zone, shifting the problem characteristics toward linear
elastic fracture mechanics (smaller dissipation). l
In other words, the size effects are primarily influenced by the

ize of various heterogeneities in relation to the structural dimen-

ions. Given the strong non-linearities involved, it is difficult to

ake a priori statements regarding the development of the frac-

ure process zone and the interdependencies of the different fac-

ors involved. It is also insufficient and misleading to look at the

tructural response exclusively from a global perspective. Only de-

ailed analyses of the physical mechanisms responsible for the

rowth and evolution of the fracture process zone can provide a

omprehensive picture. Non-linear numerical simulations can con-

ribute to the clarification effort when consistently integrated with

xperimental programmes. Non-linear fracture mechanical prob- 

ems can be investigated within the framework of the local ap-

roach to fracture ( Lemaitre et al., 2009; Murakami, 2012 ) and

ontinuum damage mechanics, coupled with or uncoupled from

lasticity. These methods have proved numerous times to be the-

retically sound and numerically robust tools for delivering reli-

ble modelling results and interpreting the failure of brittle ma-

erials ( Parisio et al., 2015; Havlásek et al., 2016; Cervera et al.,

017; Nguyen et al., 2017; Parisio et al., 2018 ). To avoid the spu-

ious mesh-size effects typical of damage mechanics and other

oftening constitutive models and to restore the well-posedness

f the rate problem, several regularization techniques can be ap-

lied, such as viscoplastic regularizations ( Needleman, 1988; Loret

nd Prevost, 1990; Niazi et al., 2013 ), non-local integral formula-

ions ( Bažant and Jirásek, 2002 ), gradient of internal variable for-

ulations ( Comi, 1999; Lyakhovsky et al., 2011 ), and models with

nhanced kinematics ( Dietsche et al., 1993; Chambon et al., 2001;

ollin et al., 2006; Fernandes et al., 2008; Lakes, 2018 ). Non-local

ormulations based on integral averaging are effective in restoring

ell-posedness, although an efficient numerical implementation is

omplex ( Jirásek, 2004; Jirásek and Marfia, 2005; Duddu and Wais-

an, 2013 ). All the above-mentioned methods have in common

he introduction of a characteristic length 

2 , which can be related to

he distribution of heterogeneities in the micro-structure. By cou-

ling the integral non-local plastic-damage model with the theory

f configurational mechanics, additional information on the local

volution of the fracture process zone can be provided in the spirit

f moving phase boundaries and thermodynamic driving forces

 Gross et al., 2003; Liebe et al., 2003; Timmel et al., 2009; Nagel

nd Kelly, 2012; Özenç et al., 2014; Parisio et al., 2018 ). 

Numerical simulations can yield valuable physical insights,

uide the interpretation of experimental results and serve as a pre-

ictive tool, provided they can faithfully represent and describe the

ominant physical mechanisms. The goals of this study are pre-

isely: (i) To undertake a comprehensive and holistic experimen-

al and numerical analysis of the fracture behaviour of granite;

ii) to correlate the local non-linear behaviour with the global re-

ponse in a systematic way and (iii) to incorporate micro-structural

nformation and dissipation-driving forces by accounting for non-

ocality and configurational descriptors. We aimed to characterize,

oth experimentally and numerically, the kinetics of the fracture

rocess zone and its effects on the size dependency of the struc-

ural behaviour. 

The manuscript is organized as follows. In Section 2 , we present

he material under investigation, which is Adelaide black granite,

long with the experimental procedure, composed of three-point

ending tests on notched samples of different sizes. During test-

ng, acoustic emission are continuously monitored to evaluate the

volution of the fracture process zone. In Section 3 , we introduce

he non-local plastic-damage constitutive model employed for nu-

erical analyses, and we discuss its implementation in the open-
ength scale. 
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Fig. 1. (a) Scaled rock beams of Adelaide black granite and (b) view of a thin section under cross-polarized transmitted light. The minerals indicated in the picture are plagio- 

clase (Plag), pyroxene (Pyx), biotite (Bt), and magnetite (Mt). (c) Schematic view of the apparatus employed for the three-point bending tests with the loading configuration, 

position of the acoustic emission sensors and the measuring device for the crack mouth opening displacement (CMOD). 
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source code OpenGeoSys ( Kolditz et al., 2012 ). The calibration of

material parameters is based on an independent set of experiments

and micro-structural observations so that the analyses can be con-

sidered semi-blind predictions. In Section 4 , we briefly outline the

theory of configurational mechanics to investigate the kinematics

of phase boundaries and to improve the interpretation of the frac-

ture process zone evolution. The results of the experimental and

numerical analyses along with the discussion of the most impor-

tant findings are presented in Section 5 . Finally, in Section 6 , we

draw some specific and general conclusions. 

2. Experimental procedure 

2.1. Rock properties 

A series of three-point bending tests with a centered notch

were performed on Adelaide black granite (see Fig. 1 (a)). This rock

consists of plagioclase ( 45 − 50 %) and pyroxene ( 20 − 25 %) with

minor biotite (10 %), amphibole (5 %), magnetite (5 %) and quartz

( 1 − 2 %), which are clearly identified in thin sections under cross-

polarized transmitted light, as shown in Fig. 1 (b). On the basis of

these mineral percentages, the International Union of Geological

Surveying (IUGS) and the QAPF 3 diagram, this rock is classified as
3 Q – quartz, A – alkali feldspars, P – plagioclase and F – feldspathoid. 

m  

o  

b  
abbro, although it is marketed as Adelaide black granite. The rock

s medium grained and relatively equigranular, with a grain size

anging from 0.02 mm to 6.5 mm, and a dominant crystal size of

.5 mm. It is fairly homogeneous at the scale of the used speci-

ens with a mass density of 2.95 g cm 

-3 . 

Ultrasonic tests provided the P and S-wave velocities of

.2 km s -1 and 3.6 km s -1 , respectively, with a variation of less than

wo percent in the three perpendicular directions, showing very

light material anisotropy. Young’s modulus E and Poisson’s ratio

were calculated from ultrasonic velocities and have values E =
7 GPa and ν = 0 . 24 . The average Young’s modulus and Poisson’s

atio obtained from uniaxial compression tests are E = 102 GPa

nd ν = 0 . 24 , which are in good agreement with the ultrasonic

ata, suggesting only a slight presence micropores or microcracks

n the material. The uniaxial compressive strength is σc = 180 MPa

nd the indirect tensile strength is σt = 10 . 9 MPa ( Bunger et al.,

010 ). 

.2. Three-point bending testing apparatus 

Five different beams were prepared, which were grouped

n two beams of small size (height × span × thickness)

0.6 × 102.2 × 17.3 and 30.6 × 102.2 × 15.9 mm, two beams of

edium size 44.7 × 153.3 × 21.6 and 44.7 × 153.3 × 21.4 mm, and

ne beam of large size 67.1 × 230 × 20.5 mm, (cf Fig. 1 (a)). All

eams were fabricated from the same block of Adelaide black gran-
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te and were machined with a sawn notch (1.2 mm wide) in the

enter position to ease fracture initiation and post-peak control.

he height-to-span ratio ( D / S ) and the notch length to specimen

eight ( a 0 / D ) were kept constant and equal to, respectively, 0.3 and

.1. 

Fig. 1 (c) is a schematic view of the testing apparatus used to

oad the rock beams in three-point bending. To monitor the evolu-

ion of the fracture process zone, sensors for recording the acous-

ic emission activity were positioned around the notch tip. The

hree-point bending tests were conducted in a closed-loop, servo-

ydraulic load frame with the feedback signal taken as the crack

outh opening displacement (CMOD) across the sawn notch at

 gage length of 15 mm. A strain gage-based transducer moni-

ored the CMOD and was programmed to increase it at a rate of

.05 μm/s. The load applied was recorded with a load cell with a

apacity of 22.2 kN. All tests were stopped in the post-peak region

fter decreasing to 60 % of the peak load. 

. Numerical modelling 

The evolution of the fracture process zone was investigated nu-

erically with the aid of a non-local elasto-plasto-damage model

or small deformations. Damage models have been successfully

mployed to model brittle and quasi-brittle non-linear material

ailure ( Havlásek et al., 2016; Cervera et al., 2017; Nguyen et al.,

017 ). The constitutive model is based on Drucker–Prager plastic-

ty coupled with an isotropic continuum damage description to

ccount for elastic degradation and post-peak softening. Plasticity

s defined in the damage-effective stress space, and the damage-

riving variable depends on the increase in effective plastic strain.

dding plasticity to the damage mechanism introduces irreversible

trains and extends the range of confining pressure in which the

onstitutive model remains valid ( Grassl and Jirásek, 2006; Parisio

nd Laloui, 2017 ). The Drucker–Prager model was chosen to avoid

ver-complications in the constitutive response and therefore to be

ble to highlight the principal features related to the kinetics of the

racture process zone. 

.1. The plastic model 

The stress-strain equation is written in terms of total stress as

= ( 1 − d ) E : ( ε − εp ) , (1) 

here d is the damage internal variable, ε is the total strain tensor,
p is the plastic strain tensor and E is the (undamaged) elastic stiff-

ess tensor. Alternatively, the constitutive equation can be written

n terms of damage effective stress ˜ σ, i.e., the stress acting on the

ndamaged part of the material, as 

= ( 1 − d ) ̃  σ. (2) 

The plastic yield surface is formulated in terms of dam-

ge effective stress f p ( ̃  σ) and the Karush–Kuhn–Tucker loading-

nloading conditions are 

f p ( ̃  σ) ≤ 0 

˙ λ ≥ 0 

˙ λ f p ( ̃  σ) = 0 . (3)

here ˙ λ is the plastic multiplier determining the magnitude of the

lastic strain rate 

˙ 
p = 

˙ λ
∂g p 

∂ ̃  σ
(4) 

hereas its direction is given by the plastic potential gradient in

he damage effective stress space. Usually, the associated plas-

icity overestimates experimental values of dilatancy observed in

ocks and soils, motivating the use of non-associated frameworks
 Maier and Hueckel, 1979 ). The Drucker–Prager plastic yield sur-

ace reads 

f p = 

√ 

J 2 − βI 1 + k = 0 , (5)

here I 1 = tr ( ̃  σ) is the first invariant of the effective stress tensor

nd J 2 = ( ̃ s : ̃  s ) / 2 is the second invariant of the deviatoric effective

tress tensor ˜ s defined as 

˜ 
 = 

˜ σ − 1 

3 

tr ( ̃  σ) I . (6) 

In the current study, we have adopted a regularized expression

f g p to maintain differentiability under pure hydrostatic tension

onditions 

 p = 

√ 

J 2 + 

1 

2 

αp I 2 1 
− βp I 1 = 0 . (7)

In Eq. (5) , β is the frictional coefficient and k the intercept at

ero hydrostatic effective stress, i.e., the cohesive component. In

q. (7) , βp controls dilatancy, whereas αp introduces the smooth

ension cap and modifies the dilatancy values under loadings close

o hydrostatic tension. For application purposes, especially for brit-

le materials, the parameters of Eq. (5) can be directly related to

he compressive and tensile strength, σc and σt , respectively, as 

β = 

1 √ 

3 

(
σc − σt 

σt + σc 

)
k = 

2 √ 

3 

(
σt σc 

σt + σc 

)
. 

(8) 

In this study, we have used Eq. (8) to obtain the values of

arameters β and k from the uniaxial compressive and tensile

trengths. Considering that for Adelaide granite, the uniaxial com-

ressive strength is σc = 180 MPa and the indirect tensile strength

t = 10 . 9 MPa (cf. Section 2 ), we obtain β = 0 . 51 and k = 11 . 9 MPa.

riction and dilatancy coefficients are assumed equal, β = βp , be-

ause of insufficient data on dilatancy. The regularized plastic flow

arameter is set to αp = 0 . 10 . Similarly, the yield surface was reg-

larized and rewritten as 

f p = 

√ 

J 2 + 

1 

2 

δp I 2 1 
− βI 1 + k = 0 , (9)

ith 

p = 1 × 10 

−4 . (10) 

The regularization of the yield surface leaves the strength enve-

ope unchanged, although it strongly improves convergence of the

tress-return algorithm. 

.2. Coupling of the damage internal variable to plastic flow 

Damage d is defined as a function of plastic strain by the fol-

owing expression 

 = ω 

(
k̄ d 

)
= ( 1 − βd ) 

[
1 − exp 

(
− k̄ d 

αd 

)]
, (11)

here αd and βd are material parameters and k̄ d is the non-local

amage driving variable. The latter is a function of the local dam-

ge driving variable k d which is in turn a function of the plastic

ffective strain εp 
eff

, defined as 

p 

eff
(t) = 

∫ t 

0 

√ 

2 

3 

˙ εp 
: ˙ εp 

d τ. (12) 

The function that relates the local to the non-local damage driv-

ng variable is k̄ d = f ( k d ) , and its derivation is fully illustrated in
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the next section. The evolution equation of the local damage driv-

ing variable is written as 

˙ k d = 

1 

χs 
˙ εp 

eff
(13)

where χs is a ductility parameter responsible for slowing the evo-

lution of damage at a higher mean confinement 

χs = 

⎧ ⎨ 

⎩ 

1 if R ≤ 1 

1 + h d ( R − 1 ) 
2 if 1 ≤ R ≤ 2 

1 − 3 h d + 4 h d 

√ 

R − 1 if R ≥ 2 . 

(14)

Here, h d is a material parameter and R is a ductility measure

defined as 

R = 

√ 

˜ σ : ˜ σ

σt 
. (15)

In uniaxial tension, at failure we have R = 1 , while in uniaxial

compression, at failure R = σc /σt . This can be used directly for the

calibration of parameter h d in Eq. (14) . 

Eq. (14) is modified from a similar expression presented in

Grassl and Jirásek (2006) that was originally developed for con-

crete to account for the decrease in brittleness with confine-

ment. The additional parameters invoked by the damage formu-

lation are αd , βd and h d . Further discussion about the meaning of

the parameters and their calibration can be found in Parisio and

Laloui (2017) . In our study, βd is an asymptotic value of damage

that is set to 10 −3 ; this helps numerical convergence by assign-

ing a very small (but non-zero) residual stiffness to the elements

once damage has fully developed. Since, in the three-point bend-

ing tests on single-edge-notched beams, the fracture propagation

occurs mainly in tensile mode, we neglect the effects of the con-

finement and have set h d = 0 . Finally, αd = 1 . 7 × 10 −3 is a measure

of the softening rate of the damage model; in our case, it is cali-

brated to fit the analyses to the load-displacement curve of the

small beam. 

3.3. Non-local integral averaging 

To introduce a micro-structurally motivated internal length

scale and to avoid physical inconsistencies related to the patholog-

ical mesh-dependent nature of non-regularized softening models,

we have employed a non-local integral averaging of the damage

driving variable k d 

k̄ d ( x ) = f ( k d ( x ) ) = 

∫ 
V 

α
(
x , ξ

)
k d 

(
ξ
)

d ξ, (16)

where α is the normalized weight function expressed as 

α
(
x , ξ

)
= 

α0 

(∥∥x − ξ
∥∥)

∫ 
V α0 

(∥∥x − ψ 

∥∥)
d ψ 

, (17)

with the distance measure r = 

∥∥x − ξ
∥∥. In the present study, the

weight function α0 is 

α0 = 

⎧ ⎨ 

⎩ 

(
1 − r 2 

l 2 c 

)
if 0 ≤ r ≤ l c 

0 if l c ≤ r 

, (18)

with l c referred to as the internal length of the material, or al-

ternatively as the interaction radius ( Bažant and Jirásek, 2002 ).

It has the dimension of length and directly controls the long-

range interactions in the domain, thus representing the character-

istic internal length of the material. The physical meaning under-

pinning this non-locality of the mechanical behaviour can be re-

lated to the presence of heterogeneities of the micro-structure and

their long-range (non-local) interactions ( Bažant and Jirásek, 2002 ).

Although the internal length has traditionally been treated as a
xed value, recent effort s have f ocused on evolving interactions for

oth integral and gradient-type formulations. Among the proposed

olutions, some of the most promising techniques involve stress

 Giry et al., 2011 ) or strain-based ( Geers et al., 1998; Saroukhani

t al., 2013 ) modifications of the internal length, alternative in-

egral averages ( Grassl et al., 2014 ), damage-based increasing

 Pijaudier-Cabot et al., 2004 ) and decreasing ( Poh and Sun, 2016 )

nteractions, elastic wave propagation ( Desmorat et al., 2015 ), dis-

ontinuous fields interpolation ( Simone et al., 2003 ) and a damage-

ependent mixed local/non-local formulation ( Nguyen, 2011 ). 

Fixed-interaction non-local length models fail to properly cap-

ure size effects at the small scale and with variable boundary

onditions, such as different ratios of the notch length to the to-

al beam height ( Havlásek et al., 2016 ). In our study, the smaller

eam is still in a range in which non-local interaction with a

xed length provides meaningful results, and the ratio of notch

epth to beam height is always constant. For the sake of simplic-

ty, to avoid over-parametrization by introducing additional sources

f uncertainty into the study and to keep in mind the applicative

im of our contribution, we have chosen in this work to imple-

ent a damage model with a fixed internal length, which can still

uccessfully reproduce size effects with fixed geometries and for

arge enough sizes ( Havlásek et al., 2016 ). This length, being corre-

ated to the micro-structure of the material, was chosen as rep-

esentative of roughly the extent of the micro-fracture network,

s observed by micro-section analysis of fractured specimens (see

ig. 2 ), i.e., l c = 1 . 25 mm. The non-local length can alternatively be

alibrated by matching both the numerical and experimental total

issipated energy per fracture surface and the standard deviation

f the dissipated energy in a numerical setup of uniaxial tension

ith the standard deviation of the fracture surface roughness ob-

ained from experiments ( Xenos et al., 2015 ). 

.4. Numerical implementation and verification 

The non-local plastic-damage constitutive model is imple-

ented in the open-source finite element platform OpenGeoSys

 Kolditz et al., 2012; Nagel et al., 2016; Parisio et al., 2018 ).

penGeoSys is written in object-oriented C++ and allows solv-

ng coupled thermo-hydro-mechanical/chemical problems in frac-

ured porous media. The implementation of the constitutive model

s fully implicit, with the elasto-plastic effective stress integration

eing evaluated with a Newton–Raphson algorithm ( Nagel et al.,

017 ), whereas the damage internal variable is evaluated explic-

tly after convergence of the plastic computation (written in the

amage effective stress space). This particularly efficient and ro-

ust scheme, which allows for separate solutions for the plasticity

nd damage problems, is possible because of the framework cho-

en for coupling damage and plasticity. As the plastic state vari-

ble, k d is evaluated explicitly, and no iterations are necessary to

ompute the non-local variable k̄ d ( Jirásek and Marfia, 2005 ). 

For better efficiency of the numerical algorithm, the effective

tress field and yield condition are normalized, and plastic strain

s split into deviatoric and volumetric components. This allows the

ormulation of the 15-dimensional residual vector 

 1 = 

˜ σ

G 

− 2 

(
εD − εD 

p 

)
− K 

G 

(
εV − εV 

p 

)
I (19)

 2 = 

˙ εD 
p − ˙ λ

[
∂g p 

∂ ̃  σ

]D 

(20)

 3 = ˙ εV 
p − ˙ λ

[
∂g p 

∂ ̃  σ

]S 

: I (21)
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Fig. 2. Microphotographs of thin sections of Adelaide black granite under transmitted cross-polarized light. (a) View near the top surface of the sample showing the saw cut 

(notch) and micro-cracks (red arrows) propagating from it. (b) A view deeper in the sample showing the micro-cracks (red arrows) following cleavage planes (blue arrows) 

and propagating through grains and along grain boundaries. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 

this article.) 
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Table 1 

Model parameters representing Ade- 

laide black granite employed for the 

numerical simulations. 

Parameter Value Unit 

β 0.51 –

k 11.9 MPa 

βd 1 . 0 × 10 −3 –

αd 1 . 7 × 10 −3 –

h d 0.0 –

l c 1.25 mm 

3

 

u  

s  

n  

m  

a  

p  

p  

t  

t  

e  

s  

m  

m  

a  

t  

s  

n  

i  

t  

s  

p  

f

4

 

f  

d  
 4 = ˙ εeff
p −

√ 

2 

3 

˙ λ2 

[
∂g p 

∂ ̃  σ

]D 

: 

[
∂g p 

∂ ̃  σ

]D 

(22) 

 5 = 

f p 

G 

, (23) 

here (•) D indicates the deviatoric part of a tensor (cf. Eq. (6) ),

(•) S is its spherical part and εV = εS : I is a volumetric strain mea-

ure. It would be sufficient to solve for either effective stress or

lastic strain alone, but instead, we have implemented the stress

eturn by solving the plastic strain and effective stress simultane-

usly. Doing so allows direct extensions towards non-linearity in

lastic parameters, yield surfaces, and hardening laws, depending

n both stresses and plastic strains. 

The numerical algorithm for the plastic problem consists of

nding the solution r = 0 of this residual vector at time step

 + t with respect to the state variables conveniently collected in

he vector z = 

{
˜ σ/G, εD 

p , ε
V 
p , ε

eff
p , ˙ λ

}T 
. Linearization of the residual r

eads to the Newton–Raphson algorithm 

 

t+t 
n +1 = z t+t 

n −
(
J t+t 
n 

)−1 
r t+t 

n , (24)

ith the Jacobian 

 

t+t 
n = 

∂r t+t 

∂z t+t 

∣∣∣∣
n 

, (25) 

here convergence is reached when ‖ r ‖ < θtol . The consistent tan-

ent operator C pl required for the Newton–Raphson iterations of

he global displacement problem can be obtained directly from the

omponents of the Jacobian matrix as 

d z 

d ε
= −J −1 ∂r 

∂ ε
, (26) 

here the first components of the solution vector are the stress

omponents ˜ σ/G ( Nagel et al., 2017 ). 

The finite element approximation of the non-local variable k̄ d 
s computed explicitly once the plastic stress return algorithm has

eached convergence as 

¯
 d,i = 

∑ n p 
j=1 

w j α0 

(∥∥x i − x j 

∥∥)
k d 

(
x j 

)
det J 

(
x j 

)
∑ n p 

k =1 
w k α0 ( ‖ 

x i − x k ‖ ) det J ( x k ) 
(27) 

n which n p represents the number of integration points of the fi-

ite element discretization, det J ( x k ) is the determinant of the Ja-

obian of the isoparametric transformation. Damage can be evalu-

ted explicitly from Eq. (11) once k̄ d,i is known. 
.5. Numerical simulations set-up 

Finite element models of the different-sized beams were set

p in a two-dimensional plane-stress framework. Because the two

mall- and two medium-sized beams are of slightly different thick-

esses, the results of the numerical models of the beams were nor-

alized to an average thickness of 16.4 mm for the small beam

nd 21.5 mm for the medium one. The beams were simply sup-

orted and the loading was applied via an imposed vertical dis-

lacement at a point situated on the top surface, at mid-span of

he beams. The parameters employed for the numerical simula-

ions are illustrated in Table 1 . Only parameter αd has been been

stimated by manual fitting to the smallest beam results, so that

imulations can be considered as semi-blind predictions. For all

odels, first-order quad meshes were employed, with 7002 ele-

ents for the small beam, 10 , 292 elements for the medium beam

nd 12 , 008 elements for the large beam. The mesh is built such

hat the largest element within the damage zone is four times

maller than the internal length, to guarantee the accuracy of the

on-local damage field. The convergence of the non-linear solver

s based on the L 2 -norm of the solution update in a time itera-

ion with an absolute tolerance of 10 −6 and the Sparse LU linear

olver from the Eigen library ( http://eigen.tuxfamily.org ) was em-

loyed, with scaling to balance row and column norms for the LU

actorization. 

. Configurational mechanics 

Linear elastic fracture mechanics is often an inappropriate

ramework to interpret complex field quantities (stress, strain,

amage, plastic strain etc.) that originate from non-local inelastic

http://eigen.tuxfamily.org
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computations. We have instead employed the concept of configu-

rational forces to condense the information from the large number

of variables, to better interpret the numerical results in the frac-

ture process zone and to address a wider range of problem classes.

Configurational forces, also called material forces, arise from the

description of the continuum with respect to an evolving mate-

rial configuration; in comparison, the classical continuum motion

problem usually rests on the description of an evolving spatial

configuration under the action of physical forces. In this sense, a

change in the configuration of the material points is associated

with a change in energy, and configurational forces can be seen

as the reactions offered by the material in response to a configu-

rational change of its material points ( Maugin, 1995; Gross et al.,

20 03; Mueller et al., 20 04; Maugin, 2016 ). Configurational mechan-

ics is a powerful and versatile tool to study evolving discontinu-

ities, such as phase transitions, inhomogeneities, cracks, voids, in-

clusions, boundaries but also discretization accuracy in finite el-

ement applications and non-trivial mechanical systems ( Maugin,

1998; Gross et al., 2003; Mueller et al., 2004; Gurtin, 2008; Li and

Wang, 2008; Nagel and Kelly, 2012; Bigoni et al., 2014; Kuhn et al.,

2015; Maugin, 2016; Parisio et al., 2018 ). Such considerations pro-

ceed from a total potential or a material momentum balance and

commonly lead to the appearance of the energy momentum tensor

(also called the Eshelby stress tensor). 

4.1. Thermodynamic derivation of configurational forces 

We introduce the concept of configurational forces loosely fol-

lowing our previous work on the topic ( Parisio et al., 2018 ). To

differentiate between spatial and material operators, those starting

with capital letters—i.e., Grad ( •) and Div ( •)—represent differential

operators with respect to material coordinates X and those start-

ing with lower-case letters—i.e., grad ( •) and div ( •)—are relative to

spatial coordinates x . 

The Helmholtz free energy density ψ( F, κ, κ; X ) is postulated

in an isothermal setting as a function of the deformation gradient

F , internal variables κ and κ and the material coordinates X . The

Clausius–Planck inequality can then be expanded to (
P − ∂ψ 

∂F 

)
: ˙ F − ∂ψ 

∂ κ
: ˙ κ − ∂ψ 

∂κ
˙ κ ≥ 0 , (28)

where P is the first Piola–Kirchhoff stress tensor and the constitu-

tive relations 

Y κ = −∂ψ 

∂ κ
; Y κ = −∂ψ 

∂κ
; P = 

∂ψ 

∂F 
(29)

with Y κ and Y κ defined as the associated thermodynamic variables

(or thermodynamic forces) to the internal variables κ and κ . The

resulting mechanical dissipation inequality reads 

D M 

= Y κ : ˙ κ + Y κ ˙ κ ≥ 0 , (30)

The second law of thermodynamics implies that the total dis-

sipation, which is the sum of the mechanical and thermal dis-

sipation, must be non-negative. The thermal dissipation remains

implicit in our isothermal treatment and is assumed to be much

smaller than the mechanical dissipation. This implies that the

mechanical dissipation D M 

itself must be positive ( Houlsby and

Puzrin, 2007 ), which is a more stringent interpretation than the

second law of thermodynamics. 

The gradient of the Helmholtz free energy density 

Grad ψ = 

∂ψ 

∂F 
: Grad F + 

∂ψ 

∂ κ
: Grad κ + 

∂ψ 

∂κ
Grad κ + 

∂ψ 

∂X 

∣∣∣∣
expl. 

(31)

can be transformed by applying Young’s theorem to 

0 = Div (ψ I − F T P ) + F T Div P + (32)
+ Y κ : Grad κ + Y κ Grad κ − ∂ψ 

∂X 

∣∣∣∣
expl. 

he balance equation of configurational forces can be obtained by

nserting the Eshelby stress tensor defined as � = ψ I − F T P , and

he balance of linear momentum Div P + ρ0 b = 0 , into Eq. (32) , re-

ulting in 

 = Div � + g , (33)

ith the configurational body forces 

 = g diss + g vol + g inh , (34)

onsisting of the three contributions 

g diss = Y κ : Grad κ + Y κ Grad κ

g vol = −ρ0 F 
T b 

g inh = − ∂ψ 

∂X 

∣∣∣∣
expl. 

, 

(35)

here b is the vector of physical body forces. In Eq. (34) , the com-

onents of the total configurational forces are divided into contri-

utions due to heterogeneities created by dissipative phenomena

 diss , deformations or rotations in the presence of body-forces g vol 

nd material inhomogeneities g inh . 

The Eshelby stress in the present small-strain framework is de-

ned as 

= ψ I − grad 

T u σ, (36)

ith σ being Cauchy’s stress tensor and grad 

T u being the trans-

osed displacement gradient. The volumetric component of con-

gurational forces simplifies to 

 vol = −� grad 

T u b . (37)

Parisio et al. (2018) carried out an implementation of the con-

gurational forces in the finite element software OpenGeoSys; see

his work for additional details and a comparison against an ana-

ytical solution for a problem of moving internal boundaries. 

. Results 

.1. Micro-structure 

Fig. 2 reports two microscopic analyses of thin sections of a

ailed granite beam under cross-polarized light around the notch,

ig. 2 (a), and deeper in the specimen, Fig. 2 (b). As shown in the

rst image, the crack propagates from the notch, as expected, and

 clearly visible network of micro-cracks tends to follow the cleav-

ge planes in the plagioclase. This image shows that the inelastic

rocesses of the fracture process zone indeed happen at the grain

evel, and multiple fracture paths can be observed in a finite-sized

rea. The second micro-image highlights the tendency of micro-

racks to originate at and develop along grain boundaries, where

he local shear concentration is caused by differences in stiffness

nd strength. 

.2. Global behaviour 

In Fig. 3 , we present the results of the experiments and simula-

ions in terms of the applied vertical force against the CMOD. The

lot shows good agreement between the curves obtained experi-

entally and those from the finite element simulations. Because of

he constitutive formulation, damage evolves with effective plastic

train so that the extent of the damaged zone corresponds to the

ocations in which inelastic dissipation takes place: It can be as-

umed it coincides with the fracture process zone. Considering that

he rock behaves as a brittle material and within the framework of
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Fig. 3. Comparison between experimental and numerical results in terms of axial load versus crack mouth opening displacements (CMOD) for the three beams under 

investigation. The dotted curves represent the experimental results, and the solid lines are from the numerical analyses. Below the curves, a contour plot of the damage field 

at the force peak computed from finite element analyses, is shown (the relative scale of the beam sizes is maintained). The damage evolution at the crack mouth obtained 

from the numerical model is shown in the last image for the three beams under study. Damage is shown at force peak for the three beams and when it has reached 

d = 0 . 95 . This result highlights the different rates at which a crack fully propagates and how this rate depends on the beam size. At larger structural sizes, the two points in 

the damage curve become closer, implying more brittleness, and the solutions are closer to those based on linear elastic fracture mechanics theory. 
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inear elastic fracture mechanics, a cohesionless crack should not

xist prior to peak load, when crack initiation occurs. However, if

he size of the process zone is comparable to the specimen size, a

ohesionless crack might exist at the peak load. Recent experimen-

al evidence has shown the possibility of crack propagation prior to

he peak load ( Fakhimi et al., 2017 ). 

If the crack is static at the peak vertical force, the fracture pro-

ess zone is still evolving and not at its full extent. This is shown

n the damage comparison, with the values of damage at peak and

hen it reaches d = 0 . 95 , which is arbitrarily assumed in this case

s the value for crack propagation. It is possible to observe that

amage at force peak increases with beam size. Furthermore, the

reater the damage at force peak the faster it will reach d = 0 . 95 ,

.e., a fully damaged condition, implying more brittleness. Ideally,

hen the beam is large enough, asymptotic conditions will be

eached in which damage in the notch at force peak will tend to-

ard d = 1 . 0 , with the behaviour ideally predicted by the linear

lastic fracture mechanics for large structural sizes relative to the

racture process zone. 

.3. Size effects 

From the theory of elastic-brittle beams, the nominal strength 

4 

f geometrically similar beams σN can be expressed as 

N = 

3 F L 
2 
, (38) 
2 bD 

4 The nominal strength is the equivalent to the stress value in elastic beam the- 

ry, occurring at the fibre with the highest solicitation in tension at the failure load. 

i  

d  

c  

t  
here F is the maximum vertical force, L is the beam support

pan, b is its width and D is its height. In the theory of non-

inear fracture mechanics, σN is bounded between the asymptotic

olutions of size-independent plasticity at small sizes and linear

lastic fracture mechanics as σN ∝ 

√ 

D at higher dimensions. In a

( log D, log σN ) plane, the strength-size law predicted by linear elas-

ic fracture mechanics is a straight line with slope −1 / 2 . 

Fig. 4 plots the nominal strength as a function of the beam

eight D for the experimental data (blue triangles) and for the nu-

erical results (red circles). There is fair agreement between ex-

erimental data and numerical predictions, although the plastic

imit at small sizes obtained from the numerical analyses seems to

nderestimate the available strength. This could be related to the

act that our predictions are based on tensile strength values mea-

ured in Brazilian tests, which may themselves be affected by size

ependency and may be too far from the plastic limit. To take into

ccount the non-linear effects and dissipation caused by plasticity

nd micro-cracking in the fracture process zone, Bažant (1984) in-

roduced the following expression of nominal strength 

N = 

Bσt √ 

1 + 

D 
D 0 

, (39) 

here σt is the tensile strength, B is a geometry factor and D 0 is

he transition size between the two asymptotic solutions of size-

ndependent strength (plastic theory) and size dependency as pre-

icted by linear elastic fracture mechanics. To build the size effect

urves for the experimental and numerical data, we have employed

he least squares method to fit the values D and σ in Eq. (39) ,
N 
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Fig. 4. The comparison is satisfactory between experimental measurements and 

numerical predictions of size effects in terms of the dependence of nominal 

strength σN on structural size D . This result demonstrates de facto that non-linear 

local analyses are necessary for analysis of the present set of tests because the 

beam sizes of Adelaide granite are located in the transition zone between size- 

independent plasticity and the theory of linear elastic fracture mechanics. (For in- 

terpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 
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obtaining Bσt = 20 . 5 MPa and D 0 = 0 . 047 m for the experimental

data and Bσt = 17 . 1 MPa and D 0 = 0 . 116 m for the numerical data.

Fig. 4 shows experimental and numerical scaling laws of nominal

strength, highlighting the two asymptotic solutions for large and

small sizes. The plot clearly illustrates that the specimens under

investigation are situated in the transition zone, in which neither

plastic theory nor linear elastic fracture mechanics would lead to

correct predictions. Extrapolation of the results to other sizes has

to be handled with particular care: small discrepancies between

experiments and predictions at the decimeter scale can be ampli-

fied at larger structural sizes. Furthermore, at the smaller size in

the end of the curve, the actual size of the structure becomes com-

parable to the grain size, and the hypothesis of a homogeneous

continuum may no longer be valid. 

5.4. Damage and acoustic emissions 

Fig. 5 shows the distribution of acoustic emission events from

the experimental analyses and damage from the numerical analy-

ses in the mid-sized beam and at different load steps, which are

taken at given values of the ratio between the post-peak load to

the peak load in the experimental curve. The time instants in the

numerical analyses are taken to have the CMOD as close as pos-

sible to the experimental value, which means that the load ratio

indicated might be slightly different for the numerical analyses. As

damage and acoustic emissions are representative of the inelastic

dissipative phenomena ( Gr ̃ egoire et al., 2015 ), they can both be

employed to identify the fracture process zone evolution and to

compare experimental results to numerical predictions in a local

manner. The numerical model captures the increasing extent of the

fracture process zone well. Aside from the global validation pre-

sented in the previous paragraph, this result provides strong sup-

port that the local evolution of the fracture process zone is cap-

tured by the model in a realistic manner. 

The data on acoustic emissions indicate that micro-cracks start

to nucleate from the notch and the boundaries of the model

( Lockner et al., 1991 ) and then later propagate toward the middle

of the sample, which is well reproduced by the computed damage

distribution. The number of acoustic emission events dramatically

increases from 90% to 80% of the peak load. The damage distribu-

tion obtained from finite element analyses is also in good agree-

ment with the distribution of acoustic emission events, which is
o be read as a meaningful representation of the local response in

erms of dimension of the area subjected to inelastic dissipation. 

Concerning the extent of the fracture process zone, Fig. 6

resents a direct comparison between recorded acoustic emission

vents during the experimental procedure and the damage dis-

ribution obtained from the numerical analyses. Once again, the

eam under investigation is the mid-sized one. Acoustic emission

ata have been processed as follows: first, the discretized distri-

ution of events that was recorded until a given time instant and

long a particular direction (either x or y ) is computed; second,

he distribution is normalized against its maximum; third, to make

 direct comparison with damage, the entire distribution is scaled

ultiplicatively by the maximum value that numerical damage has

eached along that direction and at that specific instant. In this

ay, the plots obtained for acoustic emission data are to be read

ualitatively, and they serve the purpose of establishing the ex-

ent of the zone in which the inelastic process took place. In other

ords, this method of computing the normalized and scaled dis-

ribution gives an indication of the extent of the fracture process

one from the experimental measurements, which can be directly

ompared against the non-locally computed damage (although it

hould not be read as an accurate numerical value of the damage).

long the vertical direction, the size of the damaged zone increases

uring loading, whereas in the horizontal direction, the size incre-

ent is negligible. The numerical predictions agree well with the

xperimental results in both directions. An additional discrepancy

s observed in the vertical direction: as deformation progresses,

he computed damage extends over a larger area than the acous-

ic emission distribution. Hence, our computations predict higher

amage values in the post-peak phase than what are actually ob-

erved. This can also be observed in the global load-displacement

urve for the medium beam, which softens more rapidly than the

xperimental curve. Despite this minor discrepancy, the size of the

racture process zone and its rate of increase are generally well re-

roduced by the numerical analyses. The methodology for assess-

ng the value of internal length, which is based on thin-section

nalyses of the fractured area, is also considered to be validated

or this particular application. 

.5. Fracture energy and configurational mechanics 

In this section we have investigated the size dependency by

sing a classical linear elastic fracture mechanics approach and

ave compared it with the enhanced information that can be re-

rieved with configurational mechanics arguments. Linear elastic

racture mechanics inaccurately predict toughness and fracture en-

rgy when the fracture process zone is non-negligible. 

The energy release rate G equals the negative change of poten-

ial energy in the solid and is computed as 

 = −∂�

∂A 

= 

K 

2 
I 

E 
, (40)

here A is the crack area and K I is mode-I fracture toughness,

hich, for notched beams, can be expressed as ( Guinea et al.,

998 ) 

 I = σN f I ( θ, δ) 
√ 

D , (41)

ith f I ( θ, δ) being a mode-I shape factor that depends on the

eam depth-to-notch ratio θ = D/a and span-to-depth ratio δ =
/D, written as 

f I ( θ, δ) = 

√ 

θ

( 1 − θ ) 
3 / 2 

( 1 + 3 θ ) 

{ 

p ∞ 

( θ ) + 

4 

δ
[ p 4 ( θ ) − p ∞ 

( θ ) ] 

} 

. 

(42)
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(a) Points location of cumulative acoustic emission plots in the

load-displacement curve

(b) F/F max = 1 (c) F/F max = 0 .9 (d) F/F max = 0 .8

(e) F/F max = 0 .7 (f) F/F max = 0 .6 (g) F/F max = 0 .5

Fig. 5. Comparison of numerical and experimental results in terms of acoustic emissions and damage contour for the medium beam (Experiment 2). The kinematics and 

size of the fracture process zone are compared in terms of acoustic emissions events (dots) obtained during experimental testing and damage contour plot for the numerical 

FE analyses at CMODs corresponding to the peak load and post-peak at 90%, 80%, 70% 60% and 50% of the peak load (referring to the experimental data). 
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Fig. 6. Comparison between damage and acoustic emission distribution along vertical (parallel to the crack plane) and horizontal (perpendicular to the crack plane) lines for 

the mid-sized beam (Experiment 2) from peak load into post-peak. The distribution of damage is obtained directly from the numerical analyses. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2 

Critical energy release rate comparison G c (values are in Pa · m) 

between experimental and numerical values with the four differ- 

ent methods: I) toughness-experimental, II) toughness-numerical 

III) corrected toughness-numerical and IV) configurational forces- 

numerical. The last two entries indicate the ratios between differ- 

ent methods. 

Method I II III IV IV/I IV/II 

Small beam 24.4 21.3 44.5 48.7 1.93 2.29 

Medium beam 26.5 26.5 47.2 51.6 1.95 1.95 

Big beam 35.5 37.1 62.7 60.2 1.70 1.62 
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a  

t  
The cubic polynomial p δ( θ ) for δ = 4 and for pure bending ( δ =
∞ ) are 

p 4 ( θ ) = 1 . 9 + 0 . 41 θ + 0 . 51 θ2 − 0 . 17 θ3 

p ∞ 

( θ ) = 1 . 99 + 0 . 83 θ − 0 . 31 θ2 + 0 . 14 θ3 . 
(43)

Configurational forces can be employed to assess the fracture

energy release rate from a local approach that takes into ac-

count the fracture process zone at the crack-tip. Rice’s J -integral

( Rice, 1968 ) represents the negative rate of change of potential en-

ergy due to crack propagation (cf. Eq. (40) ) and can be written in

a generalized three-dimensional form 

5 : 

J = 

∫ 
�

�N d�, (44)

where the Eshelby stress tensor introduced previously has been

used and where � is an arbitrary contour that encloses the

crack-tip. The J -integral is equal to the crack energy release

rate for planar crack growth, and according to Eshelby’s theory

( Eshelby, 1951 ), the (configurational) force on a defect G 

inh is the

negative rate of increase in the total potential energy upon trans-

lation of the defect ( Li and Wang, 2008 ) 

δ� = −G 

inh · δX = 

∂�

∂ X 

· δX . (45)

To demonstrate the connection between the J -integral, material

forces and the energy release rate in a simple manner, consider

a coordinate system { E i } aligned with the crack plane such that

self-similar crack growth occurs parallel to the E 1 -direction in a

planar fashion with the crack surface normal direction E 2 and is

homogeneous along the thickness direction E 3 with the thickness

B . Then, 

δX = δa E 1 , δ� = B E 3 × δX = Bδa E 2 = δA E 2 , (46)

and 

δ� = −G 

inh · E 1 δa = −1 

B 

G 

inh · E 1 δA. (47)

By comparison with Eq. (40) we observe that the energy re-

lease rate follows from the material force field via G = G 

inh · E 1 /B .

With the relationship between material forces and energy re-

lease rate established, the relationship to the J -integral defined in

Eq. (44) becomes apparent in conjunction with Eqs. (33) and (36) . 

Configurational forces can be directly employed to calculate the

local crack energy release rate. We have computed the sum of the

vertical components of configurational forces ahead of the crack
5 The scalar J -integral follows from the projection along a crack-growth direction, 

classically in a two-dimensional setting. 

s

r  
ip to obtain the energy release rate from local measurements.

hese are compared with the values computed as a function of the

oughness, which is estimated by employing the theory of single-

dge-notch three-point bending beams. The values for energy re-

ease rate computed from experimental and numerical results for

he three beams are reported in Table 2 . The numerical results are

urther computed by employing three distinct methodologies, so

hat, in total, four methods are used: 

• Method I - G c = K 

2 
Ic 
/E, where toughness is computed from

Eq. (41) with σN taken from experimental results; 
• Method II - G c = K 

2 
Ic 
/E, where toughness is computed from

Eq. (41) with σN taken from numerical results; 
• Method III - G c = [ K Ic (a eff)] 2 /E, where toughness is computed

from Eq. (41) with values of σ ∗
N 

taken from numerical results

and the values account for a fracture process zone corrected

notch depth a eff from Eq. (49) (explained below); 
• Method IV - G c = G 

inh · E 1 /B, i.e., from configurational forces. 

The notch-length correction is a method used to extend the va-

idity of linear elastic fracture mechanics by accounting for crack-

ip stress-shielding caused by dissipative effects ahead of the crack

ip. In standard linear elastic fracture mechanics, the fracture pro-

ess zone is considered significantly smaller than the K -dominated

one given by the elastic solution. In contrast, ductile materials

enerally have a plastic zone that encloses the smaller fracture

rocess zone. In between both cases, some materials satisfy the

ssumption of small-scale yielding which implies that the plastic

one also remains small in comparison to the K -dominated region

nd its extent is determined by the stress-intensity factor as well

s the yield limit of the material. A first approximation for the ex-

ent of the plastic zone can be found by a simple shift of the elastic

olution and is given for plane-stress conditions as 

 p = 

1 

2 π

(
K I 

σ

)2 

. (48)

t 
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(a) F/F max = 1 (b) F/F max = 0 .9 (c) F/F max = 0 .8

(d) F/F max = 0 .7 (e) F/F max = 0 .6 (f) F/F max = 0 .5

Fig. 7. Damage field and vertical component of configurational forces for the medium beam at the peak and in the post-peak branch at 90%, 80%, 70% 60% and 50% of the 

peak load (referring to the experimental data). 
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Equilibrium considerations correcting for plastic effects show

hat to maintain static equilibrium in the presence of lowered

tress-transfer across the ligament, the extent of the plastic zone is

arger, i.e., l p = 2 r p . Under these assumptions of small-scale yield-

ng, Irwin’s effective crack length reads 

 

eff = a + r p (49)

nd can be used to characterize the stress-field outside the plastic

one by means of a corrected stress-intensity K 

eff. This is done in

ethod III. 

The results of this computation highlight once more the pres-

nce of the fracture process zone in terms of dissipation energy.

he energy release rate computed from the maximum load as-

umes the validity of linear elastic fracture mechanics, for which

nergy is dissipated uniquely in the process of creating two new

ree surfaces. In reality, plastic processes and micro-cracking ahead

f the crack tip dissipate energy as well, so the energy required to

ropagate the fracture is the sum of the two contributions (surface

reation + crack-tip inelasticity). This is highlighted well in the re-

ults obtained from the configurational forces: The energy release

ate computed locally takes into account the crack-tip plastic pro-

esses (excluded in the global approach), resulting in a higher en-

rgy release rate than that predicted by linear elastic fracture me-

hanics theory. This explanation is supported by introducing the

ffect of crack-tip stress shielding and the improved characteri-

ation of the stress field outside of a small-scale yield zone by

eans of Irwin’s effective crack length, which yields results sim-
lar to the values obtained by configurational forces. This has im-

ortant consequences as neglecting the fracture process zone leads

o predicting lower than actual toughness. For hydraulic fracturing

pplications, for example, this can hinder the process of param-

ters upscaling, which may result in underestimating toughness

 Makhnenko et al., 2010 ). On the other hand, as shown in Table 2 ,

he energy release rate computed from configurational forces tends

o be closer to the one computed via the global approach as the

tructural size increases, and the entire problem tends toward lin-

ar elastic fracture mechanics. 

Fig. 7 shows the damage distribution along with the vertical

omponent of the configurational force vector field. The direction

f the configurational forces is opposite to that of the crack propa-

ation, and their magnitude is related to the energy release and

issipation rates, representing the energetic resistance to chang-

ng the material configuration ( Maugin, 2016 ). Fracture propagation

an be interpreted as a phase transition from intact to non-intact

olid and the crack front as a moving boundary. The configura-

ional forces highlight the phenomenon from an energetic point of

iew following classical Eshelby’s approach. When damage reaches

he maximum value at the notch tip, the crack boundary moves, as

hown by the progressive evolution of damage. 

. Conclusions 

From the previous analyses, we have provided evidence of

he main failure mechanisms of Adelaide black granite. Micro-
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structural features play a fundamental role in controlling the

mechanisms of dissipation that lead to macroscopic failure.

Through micro-imaging, we have shown the phenomenon of crack

coalescence, which begins at the notch and in other stress con-

centration areas, such as grain boundaries, and tends to propagate

along the cleavage planes in a zone of finite width. 

By including this finite width as a non-local interaction, the nu-

merical framework adopted has proved capable of representing the

experimental results. Despite the fact that the three-point bending

simulations were semi-blind predictions of the test data, we were

able to simulate numerically the size dependency of the struc-

tural strength without over-parametrization and with a relatively

simple non-local plastic-damage model. We have predefined the

internal length of the non-local averaging scheme based on thin

section photographs of the Adelaide black granite fractured area.

This choice proved to be adequate: both the local behaviour, in

terms of extension of the fracture process zone compared with

acoustic emission data, and the global behaviour, in terms of the

load-displacement curve, were correctly reproduced. Our conclu-

sions are valid for the investigated geometry and for this set of

self-similar structures; other testing configurations and other ma-

terials can provide additional support for the hypothesis underly-

ing this study. 

We have shown that numerical simulations are a valuable tool

providing advanced interpretation of experimental results, shed-

ding light on complex mechanisms and integrating the knowl-

edge obtained from direct laboratory measurements. We have suc-

cessfully applied non-local plastic-damage theory to explain the

local evolution of the fracture process zone that was measured

experimentally through acoustic emission. We have provided an

advanced application of the theory of configurational mechanics,

which has been employed to compute the energy release rate

while taking into account the inelastic dissipation in the fracture

process zone. 

The limitations of the linear elastic fracture mechanics interpre-

tation were clearly highlighted in both the experiments and the

simulation. Whenever the fracture process zone is non-negligible

compared with the specimen or structural size, global interpreta-

tion can become inaccurate, and only local non-linear analyses will

lead to consistent and meaningful results. 
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Appendix A. Availability of the FEM code 

The entire OpenGeoSys code employed for the analyses is freely

available at 

•
 https://github.com/ufz/ogs.git . 
Several CTest are included with the distribution and their de-

cription is available at 

• https://www.opengeosys.org/docs/benchmarks/ . 

These tests are performed to check the consistency of the nu-

erical implementation whenever changes are made to the soft-

are and include a bar in traction, a beam in three-point bending

onditions and a wide plate with holes under traction. The tests

lso serve the purpose of investigating the dependency of the so-

ution on the mesh size, the time step size, the sensitivity to the

inear solver convergence tolerance, the type of finite elements (tri-

ngles, quadrilaterals, tetrahedrons and hexahedrons), the order of

lement integration (linear, quadratic and cubic) and the order of

he finite element approximation space (linear and quadratic). The

escribed test results, which verify the numerical implementation

nder the aspects listed above, can be found in the code online

ocumentation. 
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