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ABSTRACT: Proper consideration of the complexity of coupled processes is essential for accurate assessment of outcomes of
geoenergy projects. The potential applications include evaluation of the sealing capacity of caprock, storage potential of the reservoir
formation, fluid transport, and induced seismicity risks. The numerical implementation of the governing equations for thermo-hydro-
mechanical-chemical response is challenging due to the substantial contrast between the characteristic times of coupled processes.
Furthermore, addressing the heterogeneity and anisotropy of geological formations requires development of representative three-
dimensional models, which can reach billions of grid points. These challenges are addressed by implementation of pseudo-transient
iterative method with the use of graphical processing units (GPU) to achieve low-level parallelization. The implemented numerical
codes are formulated in consistent modular structure allowing to enable modules based on the desired applications and are presented
for the case of hydro-mechanical coupling. Hydro module handles single- and two-phase flow coupled with the mechanical
component. The foundational constitutive framework of mechanical response is Biot’s poroelasticity that can be expanded to
incorporate viscous- and plastic- deformation. Resolving the governing equations of coupled hydro-mechanical (HM) response with
high resolution is a bandwidth-limited problem, highlighting that effective management of memory access is essential for scalability
of parallel computations. All the modules are implemented in the single executable file, allowing to limit unnecessary memory access,
and resulting in up to 50x performance increase in single-GPU implementation compared to single CPU. The accuracy of HM solver
is benchmarked with known analytical solutions for uncoupled and coupled processes.

advancements in computational approaches and
hardware capabilities, as well as improved constitutive

1. INTRODUCTION

The complex environment of the subsurface frequently
involves non-equilibrium mechanical (M), hydraulic (H),
and other processes. These processes are inherently
interrelated, and their independent consideration requires
specific  conditions. Precise control over the
environmental conditions preserved in laboratory
experiments opens way for measurements of material
properties required for characterization of the coupled
processes. However, laboratory approaches are usually
limited in spatial- and temporal-scales, failing to directly
address the material response at field scales and potential
heterogeneity of geological formations.

Until recently the numerical models utilized for
assessment of processes occurring in geological
formations had to be simplified due to the insubstantial
computational capabilities. Examples of simplifications
include but not limited to reduction of geometry and
spatial resolution, neglecting heterogeneities, or using
sequential coupling. These simplifications introduce
significant bias in numerical predictions and restrict the
potential for parallel computations. However,

foundations of geo processes provided an opportunity to
consider the complexity of geological formations and
handle numerical models that are close to be digital
representation of the subsurface rock. Graphical
processing units (GPU) are used for high resolution
modeling of uncoupled mechanical processes, such as
elastic (Weiss and Shragge, 2013), and seismic wave
propagation (Michea and Komatitsch, 2010).
Additionally, GPUs are successfully used to model wave
propagation in anisotropic poroelastic media with high
spatial resolution (Alkhimenkov et al., 2021b) Similar
approach has been utilized for physics-based hydrological
models over large areas (Le et al., 2015).

In general, thermo-hydro-mechanical-chemical (THMC)
processes should be considered to fully describe the
subsurface response to energy-related fluid injection or
extraction (Stephansson et al., 2004; Kolditz et al., 2016).
TOUGH-FLAC is one of the widely utilized coupled
simulators for subsurface applications (Rutqvist, 2011). It
allows for accurate coupled modeling of multiphase flow,
heat transfer, and geomechanics. On other hand, using
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different modules and passing variables between them
limits the potential for peak-performance parallel
computations.  Similar  challenges of efficient
management of memory access are present for other
existing computational frameworks, for example, CODE-
BRIGHT (Vaunat and Olivella, 2018) and general-
purpose finite-element solvers like COMSOL®© (Sun et
al., 2018). However, proper consideration of just hydro-
mechanical (HM) coupling is already a challenging task.
This work presents a step-by-step approach in its
numerical implementation, while the robustness of
models is validated through comparison with the known
analytical ~ solutions. = Additionally, the  GPU
implementation is suggested to perform parallel
computations and achieve excellent scalability of the
spatial resolution.

2. NUMERICAL
FRAMEWORK

The constitutive framework is developed in a modular
way, commencing with the one-dimensional fluid flow
problem and sequentially progressing towards a more

AND CONSTITUTIVE

Table 1. List of principal and shorthand notations.

complex three-dimensional hydro-mechanically coupled
framework. The consistent velocity-stress formulation is
employed across all the considered cases. The
implementation of a staggered space-time grid approach
(Virieux, 1984) for continuum discretization leads to a
conservative formulation. In this approach, field variables
are computed at cell centers or corners, while fluxes are
computed at the cell boundaries, which is equivalent to a
finite volume approach (Dormy and Tarantola, 1995).
The first order velocity-stress equations system is solved
with the explicit finite difference method. The time step
At for explicit scheme is a function of the mesh spacing
Ax, Ay, Az and material properties; it is chosen to satisfy
Courant-Friedrichs-Lewy condition and provide stability
of the explicit numerical scheme (Alkhimenkov et al.,
2021a). Regular rectangular grid is implemented in the
considered examples with the possibility to implement the
irregular grid near to zone of interest. The list of utilized
notations is summarized in Table 1.

Material properties

Shorthand notation

Definition Parameter Definition Parameter
0
Intrinsic permeability k Time derivative 3
Tortuosity T Pore pressure )4
Dynamic fluid viscosity 7] Darcy's flux qi
o oq, o
Porosity ¢ Divergency of Darcy's flux | V, g, = 9 +i+i
ox oy Oz
Solid density Ds Acceleration of gravity gi
Fluid density or Saturation S
Fluid bulk modulus Ky Solid particle velocity V.
E : : a s 8\/’? a K}
Shear modulus G= Dlvergency. of solid V.o = Vo (0
2(1+v) velocity ox oy oz
. AgV
Drained bulk modulus K, = Total stress 0
AP Ap' =0
Unjacketed bulk ' _[Asg
Jmodulus K, = ( A}: jAppr Total mean stress P=—(0,+0,+0;)
. K, . :
Undrained bulk modulus K, = (1 “u B) Effective mean stress P'=P-p/
. . Kd . .
Biot coefficient a=1 < Deviatoric stress t,=0,-Pd;
. Ap’ .
Skempton's coefficient B= P Total density P =(1-¢)p, +dp,
V4 =0
Kronecker delta Sij
Spatial grid spacing Ax, Ay, Az
Time step for integration At
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2.1. Hydraulic behavior
2.1.1.Single fluid phase

The equation of conservation of linear momentum
(dynamic equation) for the single fluid phase in the
gravity field can be written in the following form:

T oq H r
pfga_tk:_(;%+vkp +pfgk) ey

leading to well-known Darcy’s law if the transient term
on the left-hand side of the equation can be neglected:

q; = —%(Vkpf +0,8;) )

Writing mass balance equation leads to first-order
diffusion equation that describes the change of the pore
pressure due to the flux of fluid phase:

op”

? = _Kka%c 3)
Equation (4) demonstrates the example of finite
difference approximation of equation (3) in the three-
dimensional case:

p({,l,l) (t + At) B p({,l,l) (t) _
At

(4)

q —q q —q q —-q
_Kf (2,1.1) (LL1) n (1,2,0) (L,LY) n (1,1,2) (1,LY)
: Ax Ay Az
where the explicit time step is defined by minimum grid
spacing and material properties to satisfy stability of

numerical scheme Af ~ min(dxz,dyz,dz2 )/max (k / ,u).

The finite difference approximation for the rest of the
equations is similar to the provided example.

2.1.2. Two fluid phases

The flow of the non-wetting fluid is predicted by Buckley-
Leverett equation if both fluid phases can be assumed
immiscible, while dissolution and capillary effects being
neglected (e.g., Proskurowski, 1981):

oS

E ==q,V,S (5)
The relative permeability curve is assumed to follow
Brooks model (Brooks and Corey, 1964), with the power-
law exponent equal to 2.0. This value can be adjusted in
the case of tight rock, where the exponent value can be
significantly higher (Kim and Makhnenko, 2023; Kim et
al., 2023).

Even though this approach oversimplifies the process of
two-phase fluid diffusion and takes it into account only by

reduction of the effective material properties (i.e.,
permeability, fluid bulk modulus, density, and viscosity),
it can be utilized as worst-case scenario estimation to
address the potential of leakage during subsurface fluid
injection (Bondarenko et al., 2023).

2.2. Mechanical behavior
2.2.1 Acoustic behavior

The next essential step is the description of the
mechanical behavior. A good starting point might be
consideration of sound (pressure) wave propagation in the
liquid with zero shear modulus. In that case, the elastic
equations are significantly simplified and only the
spherical part needs to be included, leading to the
following system:

oP
E:_Kdvkl/k (6)
ov,
P 5Z‘k :_(VkP+ptgk) @)

It can be noted that equation (6) is qualitatively identical
to the fluid mass balance equation (3). Equation (7)
resembles equation (2) for Darcy’s flux with the time
derivative on the left-hand side of the equation being the
only difference. Therefore, the existing numerical
implementation of hydraulic constitutive model can be
easily modified to consider acoustic behavior by
renaming of the field variables and materials constants, as
well as adding one more integration step.

2.2.2. Elastic behavior

The behavior of solid materials differs from the fluids due
to the ability to withstand shear stresses, so the
corresponding material properties and field variables
should be added. Equation (6) remains valid for both
liquids and solids; however, another equation should be
introduced for the evolution of shear components of the
stress tensor:

0 7,
Ot

- 2G{%(Vivjf +V ) —%(Vkv,f ) 5,]} (8)

Finally, equation (7) has to be modified to also include the
shear components:

A

"ot
System of equations (6, 8, and 9) describes the linear
elastic behavior within velocity-stress framework. These
equations do not have parameters associated with fluid

phase and, therefore, describe pure mechanical behavior
usually referred to as uncoupled mechanical response.

(Vi(_Pé‘ki +Tki)+ptgk) )
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2.3. Hydro-mechanical behavior

Two previous sub-sections introduced independent
components of hydro-mechanical behavior, without
considering the interrelation between these processes,
usually referred as “coupling”. Widely utilized Biot’s
poroelastic framework (Biot, 1941) states that effect of
the pore fluid pressure is associated only with the
volumetric components of strain tensor, and shear
components are not affected by the presence of a fluid.
Therefore, equation (8) remains the same in case of
uncoupled and coupled responses. Equations (1) and (9)
represent the conservation of linear momentum for fluid
and solid phases. The fluid density pr can be considered
as added mass coefficient resulting in symmetric form of
the resulting equation (Yarushina and Podladchikov,
2015; Alkhimenkov et al, 2021a):

Vj (_Pé‘ij +Tij)+p;gi P —Pr %
H I B Z (10)
;qi-l-vip +pfgi Py ¢pf _%

ot

The accelerated pseudo-transient iterative approach (Réss
et al., 2022) can be utilized to achieve quasi-static state in
the numerical domain (0v;*/0t ~ 0 and Og./0t ~ 0).

Similarly, equations (3) and (6) can be combined and

written in a symmetric form (Yarushina and
Podladchikov, 2015; Alkhimenkov et al, 2021a):
oP
1 B [V
o |-k e (11)
% B Bla)\V,q,
ot

This formulation is consistent with the other forms of
Biot’s poroelastic and Gassmann’s relations (Yarushina
and Podladchikov, 2015). The non-diagonal elements are
responsible for hydro-mechanical coupling, resulting in
equations (3) and (6) as a limiting case of B — 0.

3. EXAMPLE BENCHMARKS

3.1. One-dimensional single-phase fluid flow

The problem of one-dimensional consolidation associated
with the pore pressure diffusion is one of classical
problems in geotechnical engineering (Terzaghi et al.,
1996). The layer with thickness of 2H;- with uniformly
distributed pore pressure p/. is subjected to pressure
maintained constant at the top and bottom surfaces.
Mathematically, this problem requires finding the
solution p/ (z,¢) for the equation and boundary and initial
conditions:

op’ *p’

—=C

oo o

z=0;p’ =0 (12)
z=2H,;p’ =0

t=0;p =

It can be solved analytically with the method of separation
of variables, resulting in
m=o0 f
f_ 2 Mz “MT,
= —sin| — | |ex " 13
P2l [ = j P (13)

m=0 dr

where, dimensionless time is T, = ¢,t/Hy’, ¢, = kK11 and
M =057(2j+1), forj=0,1.... However, graphical

representation of equation (13) is usually being used in
the assessment (Terzaghi et al., 1996, p. 112-113). Figure
1 demonstrates that developed numerical routines for
uncoupled hydraulic response are in complete agreement
with the graphical and analytical solutions for one-
dimensional consolidation problem.
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Fig. 1. Graphical, analytical, and numerical solutions for one-
dimensional consolidation problem with double drainage
boundary conditions.

3.2. One-dimensional two-phase fluid flow
Two-phase hydraulic module is validated by considering
the case that resembles liquid CO» injection into brine-
saturated reservoir rock. The pore pressure of 1.0 and
saturation of 1.0 at the left boundary is maintained
constant. Clear displacement of wetting fluid with the
non-wetting one with time is observed from saturation
fronts in Figure 2. Additionally, due to contrast in the
compressibility of wetting and non-wetting fluids, the
pore pressure curves have two segments with the
boundary associated with the saturation front.
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Fig. 2. Pressure and saturation fronts for the case of one-

dimensional two-phase fluid flow problem.
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3.3. Coupled hydro-mechanical response
The analytical solutions for the coupled hydromechanical
behavior exist only for some limited cases. One of the
existing benchmarks is suggested by Rozhko (2008) and
considers the elliptical cavity filled with fluid in the
permeable poroelastic domain. The distribution of
stresses calculated with the developed coupled hydro-
mechanical module shows an excellent agreement (Fig. 3)
with the analytical solutions suggested by Rozhko (2008).

3.4. GPU Implementation

The ability to properly represent the geological formation
in the numerical model heavily relies on spatial resolution
of the numerical domain and robustness of constitutive
framework. High-resolution applications could require
billions of grid cells at which differential equations (e.g.,
equations 8, 10, and 11) should be resolved at each grid
point. It results in memory bandwidth-limited problem,
where the computational performance heavily relies on
the properly managed memory access to maximize the
effective throughput rather than the technique to
numerically solve partial differential equations.

The initial data handling (i.e., numerical grid generation,
array allocation and initialization, and definition of
material and numerical parameters) is performed in
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exact
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Fig. 3. Validation of coupled hydro-mechanical module with the benchmark (Rozhko, 2008) representing the circular

cavity filled with fluid in the permeable poroelastic medium.
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Fig. 4. Comparison of the solutions of three-dimensional HM-coupled problem of fluid diffusion of Gauss-shape initial

disturbance obtained with GPU and CPU after 5000 iterations.

MATLAB. The same numerical implementations are
developed for the MATLAB and separate CUDA C
routines. The calculation within MATLAB environment
is optional in order to validate the results of GPU
calculations. The CUDA file contains the numerical
implementation of the constitutive equations and does not
require modifications as long as constitutive equations
and number of spatial dimensions of the problem remain
the same. Independently of the numerical domain size, the
difference between solutions obtained with GPU and
CPU remains on the order of machine epsilon for double-
precision floating-point variable (Figure 4).

The performance of modules introduced in Sections 2.1-
2.3 with increasing spatial resolution of three-
dimensional numerical domain is shown in Figure 5. In
all cases, the corresponding governing equations are
resolved for Gauss-shape initial disturbance of
corresponding field variable and no-slip boundary
conditions for 5000 temporal steps. It illustrates that GPU
implementation becomes significantly more beneficial
with increase of the spatial resolution even in case of
consumer-level hardware (AMD Ryzen 9 5900HS CPU
and NVIDIA RTX 3060 GPU). Therefore, development
of the concise numerical implementation opens the way
for effective memory access and excellent improvement
of the computational efficiency for the GPU calculations.
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Fig 5. Comparison of the GPU (NVIDIA RTX 3060) and CPU
(AMD Ryzen 9 5900HS) performance.

CPU time / GPU time [-]
w
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1

4. MODELING EXAMPLE

This section aims to provide an example problem that can
be resolved within reasonable time by utilizing GPU
calculations over the CPU. Additional details on material
properties and modeling results are reported in
Bondarenko et al. (2021), Bondarenko et al. (2022), and
Bondarenko et al. (2024). The numerical domain
represents Illinois Basin Decatur Project (IBDP) CO»
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injection site with a size of 3.50x2.20x0.65 km, grid
spacing of 12.50x12.50x3.25 m, and about 107 grid points
(Figure 6). It includes target reservoir (Lower Mt. Simon
A), basal sealing unit (Argenta), and crystalline basement
(Precambrian rhyolite), along with the confinement units
(Mt. Simon B-E) and caprock (Eau Claire A-C).
Additionally, heterogeneous distribution of porosity
estimated from inversion of 3D seismic data and
representative geometry of formations is considered.
More than 6 orders of magnitude contrast in permeability
is observed between the reservoir and crystalline
basement formations, requiring small time step for the
numerical scheme. The fully HM coupled model is
utilized to predict the variation of pore pressure and state
of stress due to the fluid injection over 3 years. The total
calculation time with the same hardware (NVIDIA RTX
3060) takes about 5 days, compared to the estimated 250
days of CPU calculations.

5. CONCLUSIONS

An incremental approach in the development of
numerical implementation for fully coupled hydro-
mechanical constitutive models is demonstrated.
Suggested methodology facilitates the integration of all
components into a single file, optimizing memory access
and leveraging shared memory effectively. It results in up
to 50 times increase in performance even for the
consumer-level GPU (RTX 3060). This efficiency is
crucial for handling models that are representative of
geologic formations at reservoir-scale with spatial
resolution being comparable to the resolution of active
seismic surveys data. Numerical codes are verified versus
existing analytical solutions in the case of uncoupled and
coupled response. The range of potential applications
might include assessments of the sealing capacity of
caprock (Bondarenko et al., 2023) and focused fluid flow
through it (Yarushina et al., 2021), the storage potential
of reservoir formations, fluid transport, and the risks
associated with induced seismicity (Bondarenko et al.,
2022) during the implementation of geoenergy projects.
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